A note on the $(\infty,n)$-category of cobordisms by Calaque, Damien & Scheimbauer, Claudia
ar
X
iv
:1
50
9.
08
90
6v
2 
 [m
ath
.A
T]
  2
7 M
ay
 20
18
A NOTE ON THE p8, nq-CATEGORY OF BORDISMS
DAMIEN CALAQUE AND CLAUDIA SCHEIMBAUER
Abstract. In this extended note we give a precise definition of fully extended topological field theories
a` la Lurie. Using complete n-fold Segal spaces as a model, we construct an p8, nq-category of n-
dimensional bordisms, possibly with tangential structure. We endow it with a symmetric monoidal
structure and show that we can recover the usual category of bordisms.
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Introduction
Topological field theories (TFTs) arose as toy models for physical quantum field theories and have
proven to be of mathematical interest, notably because they are a fruitful tool for studying topology.
An n-dimensional TFT is a symmetric monoidal functor from the category of bordisms, which has
closed pn´ 1q-dimensional manifolds as objects and n-dimensional bordisms as morphisms, to any other
symmetric monoidal category, which classically is taken to be the category of vector spaces or chain
complexes.
A classification of 1- and 2-dimensional TFTs follows from classification theorems for 1- and 2-dimensional
compact manifolds with boundary, cf. [Abr96]. In order to obtain a classification result for larger values of
n one needs a suitable replacement of the classification of compact n-manifolds with boundary used in the
low-dimensional cases. Moreover, as explained in [BD95], this approach requires passing to “extended”
topological field theories. Here extended means that we need to be able to evaluate the n-TFT not only
at n- and pn´ 1q-dimensional manifolds, but also at pn´ 2q-,..., 1-, and 0-dimensional manifolds. Thus,
an extended n-TFT is a symmetric monoidal functor out of a higher category of bordisms. In light of the
hope of computability of the invariants determined by an n-TFT, e.g. by a triangulation, it is natural to
include this data. Furthermore, Baez and Dolan conjectured that, analogously to the 1-dimensional case,
extended n-TFTs are fully determined by their value at a point, calling this the Cobordism Hypothesis.
A definition of a suitable bicategory of n-bordisms and a proof of a classification theorem of extended
TFTs for dimension 2 was given in [SP09].
In his expository manuscript [Lur09c], Lurie suggested passing to p8, nq-categories for a proof of the
Cobordism Hypothesis in arbitrary dimension n. He gave a detailed sketch of such a proof using a
suitable higher category of bordisms, which, informally speaking, has zero-dimensional manifolds as
objects, bordisms between objects as 1-morphisms, bordisms between bordisms as 2-morphisms, etc.,
and for k ą n there are only invertible k-morphisms given by diffeomorphisms and their isotopies.
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However, finding an explicit model for such a higher category poses one of the difficulties in rigorously
defining these n-dimensional TFTs, which are called “fully extended”.
In [Lur09c], Lurie gave a short sketch of a definition of this p8, nq-category using complete n-fold Se-
gal spaces as a model. Instead of using manifolds with corners and gluing them, his approach was
to conversely use embedded closed (not necessarily compact) manifolds, following along the lines of
[GTMW09, Gal11, BM14], and to specify points where they are cut into bordisms of which the em-
bedded manifold is a composition. Whitney’s embedding theorem ensures that every n-dimensional
manifold M can be embedded into some large enough vector space and suitable versions for manifolds
with boundary can be adapted to obtain an embedding theorem for bordisms, see Section 8. Moreover,
the rough idea behind the definition of the n-fold Segal space is that it includes the data, for k1, . . . , kn,
of the classifying space for diffeomorphisms of, in the ith direction ki-fold, composable n-bordisms.
Lurie’s idea was to use the fact that the space of embeddings of M into R8 is contractible to justify the
construction.
Modifying this approach, the main goal of this note is to provide a detailed construction of such an
p8, nq-category of bordisms, suitable for explicitly constructing an example of a fully extended nTFT,
which will be the content of a subsequent paper [CS]. As we explain in Section 6.3, Lurie’s sketch does
not lead to an n-fold Segal space, as the essential constancy condition is violated. In our Definition 5.1,
we propose a stronger condition on elements in the levels of the Segal space. We show that this indeed
yields an n-fold Segal space PBordn. Its completion Bordn defines an p8, nq-category of n-bordisms and
thus is a corrigendum to Lurie’s n-fold simplicial space of bordisms from [Lur09c].
Furthermore, we endow it with a symmetric monoidal structure and also consider bordism categories
with additional structure, e.g. orientations and framings, which allows us, in Section 10, to rigorously
define fully extended topological field theories.
Our main motivation to have a precise definition of the p8, nq-category of bordisms was the following: in
the subsequent paper [CS] we explicitly construct an example of a fully extended topological field theory.
Given an En-algebra A we show that factorization homology with coefficients in A leads to a fully
extended n-dimensional topological field theory with target category a suitable p8, nq-Morita category
with En-algebras as objects, bimodules as 1-morphisms, bimodules between bimodules as 2-morphisms,
etc.
Organization of the paper. In Part I, consisting of the first three sections, we recall the necessary
tools from higher category theory needed to define fully extended TFTs.
Section 1 reviews the model for p8, 1q-categories given by complete Segal spaces and recalls some useful
information about other models. In Section 2 we explain the model for p8, nq-categories given by
complete n-fold Segal spaces and introduce a model which is a hybrid between complete n-fold Segal
spaces and Segal n-categories.
We propose two equivalent definitions of symmetric monoidal structures on complete n-fold Segal spaces
in Section 3; one as a Γ-object in complete n-fold Segal spaces following [TV15] and one as a tower of
suitable pn` kq-fold Segal spaces with one object, 1-morphism,..., pk ´ 1q-morphism for k ě 0 following
the Delooping Hypothesis.
Part II is devoted to the construction of Bordn.
Our construction of the p8, nq-category Bordn of higher bordisms is based on a simpler complete Segal
space Int of closed intervals, which we introduce in Section 4. The closed intervals correspond to places
where we are allowed to cut the manifold into the bordisms it composes. The fact that we prescribe
closed intervals instead of just a point corresponds to fixing collars of the bordisms.
Section 5 is the central part of this article and consists of the construction of the complete n-fold Segal
space Bordn of bordisms. We discuss variants of Bordn, including p8, dq-categories of bordisms and
tangles for arbitrary d, and compare our definition to Lurie’s sketch in Section 6.
In Section 7 we endow Bordn with a symmetric monoidal structure, both as a Γ-object and as a tower
and compare the two definitions.
In Section 8 we elaborate on the interpretation of the objects in Bordn as n-bordisms. Furthermore we
show that the homotopy category of the p8, 1q-category of bordisms is what one should expect, namely
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the homotopy category of the p8, 1q-category of n-bordisms Bordp8,1qn gives back the classical bordism
category nCob.
Finally, in Section 9 we consider bordism categories with additional structure such as orientations, de-
noted by Bordorn , and framings, denoted by Bord
fr
n , which allows us to define fully extended n-dimensional
topological field theories in Section 10.
Conventions.
(1) Let Space denote the category of simplicial sets with its usual model structure. By space we mean
a fibrant object in Space , i.e. a Kan complex.
(2) We denote the simplex category by ∆. Objects are finite ordered sets denoted by rms “ p0 ă
¨ ¨ ¨ ă mq and morphisms are monotone maps. As an ordered set, we can view rms as a category.
Functors between the associated categories arise exactly from monotone maps. Thus, we can
take the nerve of rms which we will denote by ∆m.
(3) The geometric realization |∆l| is the standard geometric simplex tpx0, . . . , xlq P R
l`1 :
ř
i xi “
1, xi ě 0u. We denote the extended simplex tpx0, . . . , xlq P R
l`1 :
ř
i xi “ 1u by |∆
l|e.
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Part 1. Symmetric monoidal p8, nq-categories
A higher category, or n-category for n ě 0, has not only objects and (1-)morphisms, but also k-morphisms
between pk ´ 1q-morphisms for 1 ď k ď n. Strict higher categories can be rigorously defined, however,
most higher categories which occur in nature are not strict. Thus, we need to weaken some axioms
and coherences between the weakenings become rather involved to formulate explicitly. Things turn
out to become somewhat easier when using a geometric definition, in particular when furthermore al-
lowing k-morphisms for all k ě 1, which for k ě n are invertible. Such a higher category is called an
p8, nq-category. There are several models for such p8, nq-categories, e.g. Segal n-categories (cf. [HS98]),
Θn-spaces (cf. [Rez10]), and complete n-fold Segal spaces (cf. [Bar05]), which all are equivalent in an
appropriate sense (cf. [Toe¨05, BS11]). For our purposes, the latter model turns out to be well-suited and
in this Part we recall some basic facts about complete n-fold Segal spaces as higher categories. This is
not at all exhaustive, and more details can be found in e.g. [BR13]. We also refer to [Ber11], especially
for their role in the proof of the Cobordism Hypothesis in [Lur09c].
Symmetric monoidal structures on p8, nq-categories per se have not been very much studied in the
literature for n ą 1 (even though they are particular instances of commutative monoids in 8-categories,
which are extensively studied in [Lur]). We provide a brief review of these in Section 3 and describe them
in two different, but equivalent, ways: as Γ-objects on the one hand and using the Delooping Hypothesis
on the other hand. A comparison follows from [GH15].
1. Models for p8, 1q-categories
We start with n “ 1. An p8, 1q-category should be a category up to coherent homotopy which is encoded
in the invertible higher morphisms. In this section, we will mention and give references for several models
for p8, 1q-categories we will use in the later sections. A good overview on different models for p8, 1q-
categories and their comparison can be found in [Ber10]. It should be mentioned that by [Toe¨05] up to
equivalence, there is essentially only one theory of p8, 1q-categories; explicit equivalences between the
models mentioned here have been proved e.g. in [DKS89, Ber07, BK12, Hor15]. One additional model
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which should be mentioned is that of Joyal’s quasi-categories. It has been intensively studied, most
prominently in [Lur09a].
1.1. The homotopy hypothesis and p8, 0q-categories. The basic hypothesis upon which8-category
theory is based goes back to Grothendieck [Gro83] and is the following:
Hypothesis 1.1 (Homotopy hypothesis). Spaces are models for 8-groupoids, also referred to as p8, 0q-
categories.
Given a spaceX , its points, i.e. 0-simplices, are thought of as objects of the p8, 0q-category, paths between
points as 1-morphisms, homotopies between paths as 2-morphisms, homotopies between homotopies as
3-morphisms, and so forth. With this interpretation, it is clear that all n-morphisms are invertible up to
homotopies, which are higher morphisms.
We take this hypothesis as the basic definition, and model “spaces” with simplicial sets rather than with
topological spaces.
Definition 1.2. An p8, 0q-category, or 8-groupoid, is a space. According to our conventions, it is a
fibrant simplicial set, i.e. a Kan complex.
1.2. Topologically and simplicially enriched categories. Two particularly simple, but quite rigid
models are topologically or simplicially enriched categories.
Definition 1.3. A topological category is a category enriched in topological spaces. A simplicial category
is a category enriched in simplicial sets.
Topological and simplicial categories are discussed and used in [Lur09a, TV05]. However, for our appli-
cations they turn out to be too rigid. We would also like to allow some flexibility for objects, not only
morphisms, thus also requiring spaces of objects.
1.3. Segal spaces. Complete Segal spaces, first introduced by Rezk in [Rez01] as a model for p8, 1q-
categories, turn out to be very well-suited for geometric applications. We recall the definition in this
section.
Definition 1.4. A (1-fold) Segal space is a simplicial space X “ X‚ which satisfies the Segal condition:
for any n,m ě 0 the commuting square
Xm`n //

Xm

Xn // X0
induced by the maps rms Ñ rm ` ns, p0 ă ¨ ¨ ¨ ă mq ÞÑ p0 ă ¨ ¨ ¨ ă mq, and rns Ñ rm ` ns, p0 ă ¨ ¨ ¨ ă
nq ÞÑ pm ă ¨ ¨ ¨ ă m` nq, is a homotopy pullback square. In other words, the induced map
Xm`n ÝÑ Xm
h
ˆ
X0
Xn
is a weak equivalence.
Defining a map of Segal spaces to be a map of the underlying simplicial spaces gives a category of Segal
spaces SeSp “ SeSp
1
.
Remark 1.5. For any m ě 1, consider the maps gβ : r1s Ñ rms, p0 ă 1q ÞÑ pβ ´ 1 ă βq for 1 ď β ď m.
Note that requiring the Segal condition is equivalent to requiring the condition that the maps
Xm ÝÑ X1
h
ˆ
X0
¨ ¨ ¨
h
ˆ
X0
X1
induced by g1, . . . , gm are weak equivalences.
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Remark 1.6. Following [Lur09c] we omit the Reedy fibrancy condition which often appears in the
literature. In particular, this condition would guarantee that for m,n ě 0 the canonical map
Xm ˆ
X0
Xn ÝÑ Xm
h
ˆ
X0
Xn
is a weak equivalence. Our definition corresponds to the choice of the projective model structure instead
of the injective (Reedy) model structure, which is slightly different (though Quillen equivalent) compared
to [Rez01]. We will explain this in more detail in Section 1.4.3.
Definition 1.7. We will refer to the spaces Xn as the levels of the Segal space X .
Example 1.8. Let C be a small topological category. Recall that its nerve is the simplicial set
NpCqn “ Homprns, Cq “
ğ
x0,...,xnPOb C
HomCpx0, x1q ˆ ¨ ¨ ¨HomCpxn´1, xnq,
with face maps given by composition of morphisms, and degeneracies by insertions of identities. The
nerve NpCq is a Segal space. Moreover, a simplicial set, viewed as a simplicial space with discrete levels,
satisfies the Segal condition if and only if it is the nerve of an (ordinary) category.
1.3.1. Segal spaces as p8, 1q-categories. The above example motivates the following interpretation
of Segal spaces as models for p8, 1q-categories. If X‚ is a Segal space then we view the set of 0-simplices
of the space X0 as the set of objects. For x, y P X0 we view
HomXpx, yq “ txu ˆ
h
X0
X1 ˆ
h
X0
tyu
as the p8, 0q-category, i.e. the space, of arrows from x to y. More generally, we view Xn as the p8, 0q-
category, i.e. the space, of n-tuples of composable arrows together with a composition. Note that given
an n-tuple of composable arrows, the Segal condition implies that the corresponding fiber of the Segal
map Xn Ñ X1 ˆ
h
X0
¨ ¨ ¨ ˆhX0 X1 is a contractible space. The map Xn Ñ X1 determined by the functor
r1s Ñ rns, 0 ă 1 ÞÑ 0 ă n can be thought of as “composition”, and thus we can think of the n-tuple as
having a contractible space of possible compositions. Moreover, one can interpret paths in the space X1
of 1-morphisms as 2-morphisms, which are invertible up to homotopies, which in turn are 3-morphisms,
and so forth.
1.3.2. The homotopy category of a Segal space. To a higher category one can intuitively associate
an ordinary category, its homotopy category, which has the same objects and whose morphisms are
2-isomorphism classes of 1-morphisms. For Segal spaces, one can realize this idea as follows.
Definition 1.9. The homotopy category h1pXq of a Segal space X “ X‚ is the (ordinary) category
whose objects are the 0-simplices of the space X0 and whose morphisms between objects x, y P X0 are
Homh1pXqpx, yq “ π0 pHomXpx, yqq
“ π0
ˆ
txu
h
ˆ
X0
X1
h
ˆ
X0
tyu
˙
.
For x, y, z P X0, the following diagram induces the composition of morphisms, as weak equivalences
induce bijections on π0.ˆ
txu
h
ˆ
X0
X1
h
ˆ
X0
tyu
˙
ˆ
ˆ
tyu
h
ˆ
X0
X1
h
ˆ
X0
tzu
˙
ÝÑ txu
h
ˆ
X0
X1
h
ˆ
X0
X1
h
ˆ
X0
tzu
»
ÐÝ txu
h
ˆ
X0
X2
h
ˆ
X0
tzu
ÝÑ txu
h
ˆ
X0
X1
h
ˆ
X0
tzu .
Example 1.10. Given a small (ordinary) category C, the homotopy category of its nerve, viewed as a
simplicial space with discrete levels, is equivalent to C,
h1pNpCqq » C.
The above example motivates the following definition of equivalences of Segal spaces.
Definition 1.11. A map f : X Ñ Y of Segal spaces is a Dwyer-Kan equivalence if
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(1) the induced map h1pfq : h1pXq Ñ h1pY q on homotopy categories is essentially surjective, and
(2) for each pair of objects x, y P X0 the induced map HomXpx, yq Ñ HomY pfpxq, fpyqq is a weak
equivalence.
1.4. Complete Segal spaces. We would like the equivalences of Segal spaces to be the Dwyer-Kan
equivalences. However, instead of considering all Segal spaces and their the Dwyer-Kan equivalences, it
turns out that we can instead consider a full subcategory of Segal spaces which satisfy an extra condition
called completeness, for which Dwyer-Kan equivalences have an equivalent, simpler, description. To make
sense of this, we need to first introduce the model categories involved.
1.4.1. The model structures of Segal spaces. We now describe various model structures on the
category sSpace of simplicial spaces in this section. Ultimately, the goal is to have a model category
whose fibrant objects deserve to be called “p8, 1q-categories” and whose equivalences are analogs of
equivalences of categories. We will first introduce model categories whose fibrant objects are Segal
spaces. Then, in the next step, we will fix the weak equivalences. We refer to [Rez01] and [Hor15] for
more details.
Let us first consider the injective and projective model structures on the category of simplicial spaces,
denoted by sSpace
c
and sSpace
f
, respectively. Note that the fibrant objects in sSpace
f
are the levelwise
fibrant ones, while the fibrant objects of sSpace
c
turn out to be the Reedy fibrant simplicial spaces1.
Conversely, every object in sSpace
c
is cofibrant, see for example [Hir03, Corollary 15.8.8.]. These model
categories are Quillen equivalent (via the identity functor).
In the first step we perform left Bousfield localizations of the previous model structures sSpace
c
and
sSpace
f
with respect to the morphisms
∆1
ž
∆0
¨ ¨ ¨
ž
∆0
∆1 ÝÑ ∆n.
This provides two model categories, denoted sSpaceSe
c
and sSpaceSe
f
, which still are Quillen equivalent.
For the injective model structure, it is immediate that fibrant objects in sSpaceSe
c
satisfy Xn
»
ÝÑ X1ˆX0
¨ ¨ ¨ ˆX0 X1 and thus are Reedy fibrant Segal spaces. For the projective model structure, it follows
from [Hor15] that the fibrant objects in sSpaceSe
f
satisfy Xn
»
ÝÑ X1 ˆ
h
X0
¨ ¨ ¨ ˆhX0 X1 and thus are Segal
spaces2.
1.4.2. Complete Segal spaces. Even though the model categories sSpaceSe
c
and sSpaceSe
f
have the
(Reedy fibrant) Segal spaces as their fibrant objects, there are not enough weak equivalences: every
weak equivalence between Segal spaces is indeed a Dwyer-Kan equivalence, but there are more Dwyer-
Kan equivalences.
This problem can be circumvented by further localizing the model structures. For this new model
structure, the weak equivalences between Segal spaces turn out to be exactly the Dwyer-Kan equivalences.
We will see that these further localized model structures have fewer fibrant objects, which are the complete
(Reedy fibrant) Segal spaces. We will focus on the case of the projective model structure, since the other
case can be found spelled out in great detail in many references, for example the original [Rez01], but
to our knowledge the former has so far only appeared in [Hor15]. Moreover, although we will phrase it
for the projective model structure, the first part works the same in the injective case. The difference
appears when computing the involved mapping spaces explicitly, see the remark below.
Intuitively, the condition we would like to impose is that the underlying 8-groupoid of invertible mor-
phisms of the Segal space X‚ is already encoded by the space X0. To translate this, we first need to
understand what the space of (homotopy) invertible morphisms of X‚ is.
1See for example [Hir03, Theorem 15.8.7] for a proof that the injective and Reedy model structures coincide.
2Note that this terminology is not consistent throughout the literature: often “Segal space” includes the Reedy fibrancy
condition. Our examples will not be Reedy fibrant, which is the reason for our choice of terminology.
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Let f be an element in X1 with source and target x and y, i.e. its images under the two face maps
X1 Ñ X0 are x and y. It is called invertible if its image under
txu ˆ
X0
X1 ˆ
X0
tyu ÝÑ txu
h
ˆ
X0
X1
h
ˆ
X0
tyu ÝÑ π0
ˆ
txu
h
ˆ
X0
X1
h
ˆ
X0
tyu
˙
“ Homh1pXqpx, yq ,
is an invertible morphism in h1pXq, i.e. it has a left and right inverse.
To define the space of invertible morphisms, consider the walking isomorphism Ir1s, which is the category
with two objects and one invertible morphism between them,
–
Mapping the walking isomorphism into an arbitrary category C we get the isomorphisms of C, and
therefore the information about its underlying groupoid. Mimicking this procedure for a Segal space X‚,
we consider the derived mapping space
MapsSpaceSe
f
pNpIr1sq, Xq.
Moreover, an analog of [Rez01, Lemma 5.8] shows that if an element in X1 is invertible, any element in
the same connected component will also be invertible. Thus we define the space of invertible morphisms
in X‚ to be the homotopy pullback
3
X inv1 X1
π0MapsSpaceSe
f
pNpIr1sq, Xq π0X1 “ π0MapsSpaceSe
f
p∆1, Xq
h{
Here, the bottom arrow arises from the obvious functor r1s Ñ Ir1s.
Finally, identity morphisms in X‚ should be invertible. Indeed, the degeneracy map s0 : r1s Ñ r0s factors
as r1s Ñ Ir1s Ñ r0s and induces a map
X0 Ñ X
inv
1 .
Definition 1.12. A Segal space X‚ is complete if the map X0 Ñ X
inv
1 is a weak equivalence. We denote
the full subcategory of SeSp whose objects are complete Segal spaces by CSSp “ CSSp
1
.
Example 1.13. Let C be a category. Then NpCq is a complete Segal space if and only if there are no
non-identity isomorphisms in C, i.e. the underlying groupoid of C is a set (viewed as a category with only
identity morphisms).
In order to compute X inv1 explicitly, we have to be able to describe the (derived) mapping space
MapsSpaceSe
f
pNpIr1sq, Xq.
Lemma 1.14. We have a homotopy pullback square
MapsSpaceSe
f
pNpIr1sq, Xq X3
X0 ˆX0 X1 ˆX1 .
t0,2u>t1,3u t0,2u>t1,3u
h{
Proof. Note that since X‚ was assumed to be a Segal space, it is fibrant, but NpIr1sq might not be
cofibrant4. So to compute the desired mapping space, we cofibrantly replace NpIr1sq and then compute
the mapping space in the underlying category,
MapsSpaceSe
f
pNpIr1sq, Xq » MapsSpacepcof pNpIr1sqq , Xq.
3To compare with the definition in [Hor15], note that the pullback is a homotopy pullback since the map X1 Ñ pi0pX1q
is a fibration.
4Note that for the injective model structure, it is cofibrant and therefore Xinv
1
is just the subspace of X1 of invertible
morphisms.
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To compute the cofibrant replacement, the crucial observation (originally by [Rez01], reformulated by
[BS11]) is that the nerve of Ir1s can be obtained by the pushout of simplicial sets
K “ ∆3 >∆t0,2u>∆t1,3u p∆
0 >∆0q.
This can be seen as contracting the edges t0, 2u and t1, 3u in the 3-simplex:
0 1
3
2
We use an argument similar to that in [JS15, Remark 3.4], which observes the following: K is given by
a strict pushout along a diagram of cofibrant objects of which one arrow is an inclusion. By [Lur09a,
A.2.4.4], this is a homotopy pushout in the injective model structure and therefore homotopy equivalent
to the homotopy pushout in the projective model structure. So a cofibrant replacement of K is given by
taking the homotopy pushout of the same diagram,
cofpKq “ ∆3 >h∆t0,2u>∆t1,3u p∆
0 >∆0q.
Finally, we obtain the space as the wanted homotopy pullback5 
1.4.3. Complete Segal spaces as fibrant objects. There is a further model structure on the category
of simplicial spaces which implements completeness. It is obtained by a further left Bousfield localization,
with respect to the morphism
∆0 ÝÑ NpIr1sq.
This provides two Quillen equivalent model categories, denoted sSpaceCSe
c
and sSpaceCSe
f
. Fibrant objects
in sSpaceCSe
c
, respectively sSpaceCSe
f
, are Reedy fibrant complete Segal spaces, respectively complete Segal
spaces.
Summarizing, we have the following diagram
sSpace
c
sSpace
f
sSpaceSe
c
sSpaceSe
f
sSpaceCSe
c
sSpaceCSe
f
where the horizontal arrows are Quillen equivalences induced by the identity and the vertical arrows are
localizations.
The following Proposition shows that in the localized model structure Dwyer-Kan equivalences of Segal
spaces indeed are weak equivalence, and therefore we have fixed the concern mentioned above. We refer
to [Hor15, Theorem 5.15] for a proof, which makes substantial use of the analogous result for Reedy
fibrant Segal spaces in sSpaceCSe
c
from [Rez01, Theorem 7.7].
Theorem 1.15. Let X and Y be Segal spaces. A morphism f : X Ñ Y is a weak equivalence in
sSpaceCSe
f
if and only if it is a Dwyer-Kan equivalence.
As a consequence the obvious inclusions induce the following equivalences of categories:
CSSprlwe
´1
s ÝÑ SeSprDK ´1s ÝÑ HopsSpaceCSe
f
q ,
where DK and lwe stand for the subcategory of Dwyer-Kan and levelwise weak equivalences, respec-
tively.
This justifies the following definition.
Definition 1.16. An p8, 1q-category is a complete Segal space.
5This can be compared to Rezk’s definition using the zig-zag category 2 30 1 and requiring the morphisms 20
and 31 to be identities.
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Remark 1.17. We denote the category of Reedy fibrant complete Segal spaces by CSSp
c
, that is to
say the fibrant objects in sSpaceCSe
c
. Remember that sSpaceCSe
c
and sSpaceCSe
f
are Quillen equivalent,
so that the embedding CSSp
c
Ă CSSp induces an equivalence CSSp
c
rlwe
´1
s Ñ CSSprlwe
´1
s of which
an inverse is given by the Reedy fibrant replacement functor p´qR. Sometimes it turns out to be more
useful to work in the model category sSpaceCSe
c
as every object is cofibrant. Note that the Reedy fibrant
replacement functor does not change the homotopy type of the levels.
Definition 1.18. The fibrant replacement functor in the model category sSpaceCSe
f
sending a Segal
space to its fibrant replacement is called completion. In [Rez01] Rezk gave a rather explicit construction
of the completion of Segal spaces. He showed that there is a completion functor which to every Segal
space X associates a complete Segal space pX together with a map iX : X Ñ pX , which is a Dwyer-Kan
equivalence.
Remark 1.19. The completeness condition says that all invertible morphisms essentially are just iden-
tities up to the choice of a path. In this sense, one might like to think of complete Segal spaces as a
homotopical version of skeletal6 or reduced (see also [Joy]) category, and, since any category is equivalent
to a reduced one, assuming this extra condition is harmless. However, the information on the invertible
morphisms is merely encoded in a different way, namely, in the spatial structure. Also, we would like to
remark that in the homotopical situation, this intuition might be misleading: indeed, instead of thinking
of a complete Segal space as having few invertible morphisms, it is better to think of a complete Segal
space as having a “maximal” space of objects. This is illustrated by [Rez01, Corollary 6.6]. A good
example to keep in mind is a special case of [Rez01, Remark 14.1]: given a group G, we can view as a
category with one object, and consider its nerve. Its completion is the constant simplicial space BG.
Remark 1.20. It is worth noticing that sSpace
f
, sSpace
c
, sSpaceSe
f
, sSpaceSe
c
, sSpaceCSe
f
, and sSpaceCSe
c
are all Cartesian closed simplicial model categories. In particular, for any simplicial space X and any
complete Segal space Y , the simplicial space Y X is a complete Segal space.
1.4.4. The classification diagram – the Rezk or relative nerve. Many examples of (complete)
Segal spaces arise by a construction due to Rezk [Rez01] which produces a (complete) Segal space
from a simplicial model category. More generally, several authors [BK11, LMG15, Low15] proved that
this construction also gives a complete Segal space for far-reaching generalizations of model categories,
namely, for relative categories with certain weak conditions. For instance, categories of fibrant objects
in the sense of Brown satisfy the conditions to obtain a Segal space; if they additionally are saturated,
they lead to complete Segal spaces.
Definition 1.21. A relative category is a a pair pC,Wq consisting of a category C and a subcategory
W Ď C containing all objects of C. The morphisms in W are called weak equivalences. A relative functor
between two relative categories is a functor which preserves weak equivalences. Together they form a
category RelCat .
Definition 1.22. Let pC,Wq be a relative category. Consider the simplicial object in categories C‚ given
by Cn :“ Fun
`
rns, Cq. It has a subobject CW‚ , where C
W
n Ă Cn is the subcategory which has the same
objects and whose morphisms consist only of those composed of those in W . Taking its nerve we obtain
a simplicial space NpC,Wq‚ with
NpC,Wqn “ NpC
W
n q.
It is proved in [LMG15] that this simplicial space satisfies the Segal condition if pC,Wq admits a suitable
homotopical three-arrow calculus. Moreover, it is complete if it additionally is saturated, i.e. a morphism
is a weak equivalence if and only if it is an isomorphism in the homotopy category. However, it is not
level-wise7 fibrant unless we started with an 8-groupoid. Its level-wise fibrant replacement is called the
Rezk or relative nerve or the classification diagram, which, by abuse of notation, we again denote by
NpC,Wq.
Example 1.23. Let C be a small category. Then it is straightforward to see that NpC, Iso Cq is a
complete Segal space. Note that the natural morphism NpCq Ñ NpC, IsoCq is a Dwyer-Kan equivalence.
This exhibits NpC, Iso Cq as a completion of NpCq.
6A category is called skeletal if each isomorphism class contains just one element, see for example [Rie16].
7Strictly speaking we should call this a (complete) Segal simplicial set, since we defined a space to be fibrant.
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Now we can apply this construction to the model category of complete Segal spaces from the previous
section:
Definition 1.24. The p8, 1q-category of p8, 1q-categories is NpCSSp, lweq.
Remark 1.25. The inclusions of the relative categories of cofibrant-and-fibrant objects and of fibrant
objects in a simplicial model category lead to equivalences of the classification diagrams. Thus, the in-
clusions of relative categories pCSSp, lweq Ă pSeSp,DK q Ă psSpaceCSe
f
,Wq induce level-wise equivalences
of complete Segal spaces, i.e. equivalences of p8, 1q-categories
NpCSSp, lweq Ñ NpSeSp,DK q Ñ NpsSpaceCSe
f
,Wq.
Remark 1.26. Note that morphisms in the homotopy category of p8, 1q-categories are more subtle:
they are zig-zags X Ñ X1
»
ÐÝ X2 Ñ ¨ ¨ ¨ Ñ Y , where the wrong-way-arrows are weak equivalences and
therefore more flexible.
We finally observe that a Quillen equivalence
L :M N : R.
induces a weak equivalence of complete Segal spaces
X :“ NpM,weMq » NpN ,weN q “: Y
between the associated classification diagrams. Indeed, the left derived functor LL “ L ˝ Q (Q being
a cofibrant replacement functor) preserves weak equivalence and thus induces a morphism L : X Ñ Y ,
which can be proven to be a Dwyer-Kan equivalence (this essentially follows from [DK80]).
1.5. Some other models for p8, 1q-categories. We very briefly recall some other models for p8, 1q-
categories in this section which were the motivation for some definitions later on.
1.5.1. Segal categories. Let us mention another model for p8, 1q-categories given by certain Segal
spaces, which avoids having to require completeness by instead requiring a discrete set of objects. This
will be the motivation for the definitions of “hybrid n-fold Segal spaces” in section 2.3.
Definition 1.27. A Segal (1-)category is a Segal space X “ X‚ such that X0 is discrete, i.e. constant
as a simplicial set. We denote SeCat the full subcategory of SeSp consisting of Segal categories.
Segal categories also are the fibrant objects in a certain model category that is Quillen equivalent to
sSpaceCSe
f
, see the above mentioned [Ber10] or [Lur09b] for more details and references. In particular,
the embedding SeCat Ă SeSp induces an equivalence of complete Segal spaces
NpSeCat ,DK q ÝÑ NpSeSp,DK q .
1.5.2. Relative categories. Following [BK12] a rather weak notion of p8, 1q-category is given by rel-
ative categories from Definition 1.21. One should think of the weak equivalences W as being “formally
inverted”. We have already implicitly used this to define the p8, 1q-category of p8, 1q-categories.
Example 1.28. Let C “ ChR be the category of chain complexes over a ring R and let W Ď C be the
subcategory of chain complexes and quasi-isomorphisms.
RelCat admits a model structure exhibiting it as a model for p8, 1q-categories: in [BK11] the model
structure of sSpaceCSe
c
is transferred along a slight modification of the relative nerve,
Nξ : RelCat ÝÑ sSpace
CSe
c
: Kξ
thus making the above adjunction into a Quillen equivalence.
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1.5.3. Categories internal to simplicial sets. Instead of enriching categories in a category of spaces
as in Section 1.2, for certain applications it turns out to be useful to also have a space of objects (thus
allowing more flexibility than in topological categories), but keeping strict composition (and thus having
more rigidity than in Segal spaces). This philosophy is implemented when considering categories internal
to spaces. We will use this model to construct examples of Segal spaces.
Definition 1.29. Let S be a category with finite limits. A category internal to S or for short, an
internal category in S consists of objects C0, C1 together with source and target morphisms s, t : C1 Ñ C0,
a degeneracy morphism d : C0 Ñ C1 satisfying s ˝ d “ t ˝ d “ idC0 , and a composition morphism
˝ : C1 ˆC0 C1 Ñ C1 satisfying associativity and such that for any x P C0, the maps ´ ˝ dpxq and dpxq ˝ ´
are the identity. Let ICat pSq denote the category of categories internal to S, where morphisms from
pC0, C1q to pD0,D1q are pairs of morphisms Ci Ñ Di for i “ 0, 1 which are compatible with the additional
structure in the obvious way.
For short, we call an internal category a category internal to S “ sSet . In this case, we use the notation
ICat “ ICat psSet q.
Note that there is an equivalence of categories ICat Ñ Cat∆
op
. Composition with the level-wise nerve
and swapping the simplicial directions gives a functor
N : ICat ÝÑ Cat∆
op Np´q
ÝÑ Space∆
op swap
ÝÑ sSpace .
In [Hor15], similarly to RelCat , the model structures of sSpaceSe
f
and sSpaceCSe
f
are transferred along N to
endow ICat with a model structure, the latter exhibiting it as a model for p8, 1q-categories. Examples of
fibrant objects in the former model category are given by the following strongly Segal internal categories
([Hor15, Proposition 5.13]): their nerves are Segal spaces.
Definition 1.30. A strongly Segal internal category is a category C “ pC0, C1q internal to S “ Space Ă
sSet such that the source and target maps s, t : C1 Ñ C0 are fibrations of simplicial sets. We denote by
ICatSe the category of strongly Segal internal categories.
Remark 1.31. The condition that s, t are fibrations ensures that the pullback along them are homotopy
pullbacks, and thereforeNC is a Segal space. This condition is sufficient, but not necessary for an internal
category to be a fibrant object for the transferred model structure. On the other hand, the condition
that C0, C1 be Kan complexes is necessary.
Since the model structure was transferred, there is a Quillen equivalence given by the nerve,
N : ICat ÝÑ sSpaceSe
f
.
Moreover, categorical equivalences of strongly Segal internal categories are (by definition) precisely the
morphisms that are sent to Dwyer-Kan equivalences by the nerve. Thus, the induced morphism
NpICatSe, cat .eq .q ÝÑ NpSeSp,DKq
is an equivalence of complete Segal spaces.
2. Models for p8, nq-categories
As a model for p8, nq-categories, we will use complete n-fold Segal spaces, which were first introduced
by Barwick in his thesis and appeared prominently in Lurie’s [Lur09c]. Details can be found e.g. in
[Lur09b, BS11, BR13]. As mentioned above, p8, nq-categories are homotopical versions of weak n-
categories. Recall that n-categories are inductively built by taking categories (weakly) enriched in pn´1q-
categories. For n “ 2 these are known as 2-categories (strict) or bicategories (weak). Alternatively, one
could choose to consider categories internal to pn´ 1q-categories, i.e. they have a whole pn´ 1q-category
of objects. For n “ 2 these were first introduced under the name of double categories by Ehresmann in
[Ehr63] and have been thoroughly studied in category theory. Therefore we will call the higher versions
thereof n-uple categories8. Even though we present our main example as an n-fold Segal space in the
next part, it actually arises from such an “n-uple” version as we will see later on.
8This is non-standard: usually they are called n-fold categories. However, by an unfortunate choice of terminology,
complete n-fold Segal spaces will correspond to n-categories. In order to hopefully reduce confusion we will instead be
consistent in using “uple” for internal versions and reserve “fold” for the enriched, globular version.
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Moreover, it even comes from a more rigid model, namely from internal n-uple categories, which are
n-uple categories internal to simplicial sets. This model is the easiest to define, which is why we start
with it.
2.1. Internal n-uple categories. Iterating the approach in [Hor15], one obtains a model for p8, nq-
uple-categories given by n-uple categories internal to simplicial sets, i.e. categories internal to the category
of pn´ 1q-uple categories internal to simplicial sets. Unravelling the definition for n “ 2, there is a space
of objects, a space of “horizontal” 1-morphisms, a space of “vertical” 1-morphisms, and a space of 2-
morphisms, together with unit maps and composition maps. For larger n, there is a space of objects and
suitable spaces of higher morphisms “in all directions”, again together with unit maps and composition
maps. Equivalently, an n-uple category internal to simplicial sets is a simplicial object in (strict) n-fold
categories. This model has been discussed in [CH15].
Our bordism category defined in the next part secretly is such an internal n-uple category, however,
details on this model were not available at the time of writing this article, so we will present it in a
different way here.
Remark 2.1. Note that composition is well-defined on the nose, as opposed to the models we will
consider in the next sections.
2.2. n-uple and n-fold Segal spaces. Recall that an n-uple9 simplicial space is a functorX : p∆opqˆn Ñ
Space . An n-uple Segal space is an n-uple simplicial space with an extra condition ensuring it is the 8-
analog of an n-uple category.
Definition 2.2. An n-uple Segal space is an n-uple simplicial space X “ X‚,...,‚ such that for every
1 ď i ď n, and every k1, . . . , ki´1, ki`1, . . . , kn ě 0,
Xk1,...,ki´1,‚,ki`1,...,kn
is a Segal space.
Defining a map of n-uple Segal spaces to be a map of the underlying n-uple simplicial spaces gives a
category of n-uple Segal spaces, SeSpn.
Imposing an extra globularity condition leads to a model for 8-analogs of n-categories:
Definition 2.3. An n-uple simplicial space X‚,...,‚ is essentially constant if the map from the constant
n-uple simplicial space X0,...,0 given by the degeneracy maps
X0,...,0 ÝÑ X
is a weak equivalence of n-uple simplicial spaces.
Definition 2.4. An n-fold Segal space is an n-uple Segal space X “ X‚,...,‚ such that for every 1 ď i ď n,
and every k1, . . . , ki´1 ě 0, the pn´ iq-uple simplicial space
Xk1,...,ki´1,0,‚,...,‚
is essentially constant.10
Defining a map of n-fold Segal spaces to be a map of the underlying n-uple simplicial spaces gives a
category of n-fold Segal spaces, SeSp
n
.
Remark 2.5. Alternatively, one can formulate the conditions iteratively. First, an n-uple Segal space is
a simplicial object Y‚ in pn ´ 1q-uple Segal spaces which satisfies the Segal condition. Then, an n-fold
Segal space is a simplicial object Y‚ in pn´ 1q-fold Segal spaces which satisfies the Segal condition and
such that Y0 is essentially constant (as an pn ´ 1q-fold Segal space). To get back the above definition,
the ordering of the indices is crucial: Xk1,...,kn “ pYk1 qk2,...,kn .
9Again, usually, this is called an n-fold simplicial space, but we use this terminology to emphasize the difference.
10To be consistent with our choice of “uple” versus “fold”, we could call an n-uple simplicial space which satisfies this
extra condition an n-fold simplicial space.
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2.2.1. Interpretation as higher categories. An n-fold Segal space can be thought of as a higher
category in the following way.
The first condition means that this is an n-uple category, i.e. there are n different “directions” in which
we can “compose”. An element of Xk1,...,kn should be thought of as a composition consisting of ki
composable morphisms in the ith direction.
The second condition imposes that we indeed have a higher n-category, i.e. an n-morphism has as
source and target two pn´ 1q-morphisms which themselves have the “same” (in the sense that they are
homotopic) source and target.
For n “ 2 one can think of this second condition as “fattening” the objects in a bicategory. A 2-morphism
in a bicategory can be depicted as
ó
The top and bottom arrows are the source and target, which are 1-morphisms between the same ob-
jects.
In a 2-fold Segal space X‚,‚, an element in X1,1 can be depicted as
X
0
,0
Q P
X
0
,0
X
0
,0
Q P X
0
,0
ó
X1,0
P
Q
X1,0
X0,0 » X0,1 Q P X0,1 » X0,0
The images under the source and target maps in the first direction X1,1 Ñ X1,0 are 1-morphisms which
are depicted by the horizontal arrows. The images under the source and target maps in the second
direction X1,1 Ñ X0,1 are 1-morphisms, depicted by the dashed vertical arrows, which are essentially
just identity maps, up to homotopy, since X0,1 » X0,0. Thus, here the source and target 1-morphisms
(the horizontal ones) themselves do not have the same source and target anymore, but up to homotopy
they do.
The same idea works with higher morphisms, in particular one can imagine the corresponding diagrams
for n “ 3. A 3-morphism in a tricategory can be depicted as
⇛
whereas a 3-morphism, i.e. an element in X1,1,1 in a 3-fold Segal space X can be depicted as
⇛
Here the dotted arrows are those in X0,1,1 » X0,0,1 » X0,0,0 and the dashed ones are those in X1,0,1 »
X1,0,0.
Thus, we should think of the set of 0-simplices of the space X0,...,0 as the objects of our category, and
elements of X1,...,1,0,...,0 as i-morphisms, where 0 ă i ď n is the number of 1’s. Pictorially, they are the
i-th “horizontal” arrows. Moreover, the other “vertical” arrows are essentially just identities of lower
morphisms. Similarly to before, paths in X1,...,1 should be thought of as pn ` 1q-morphisms, which
therefore are invertible up to a homotopy, which itself is an pn` 2q-morphism, and so forth.
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2.2.2. The homotopy bicategory of a 2-fold Segal space. To any higher category one can intu-
itively associate a bicategory having the same objects and 1-morphisms, and with 2-morphisms being
3-isomorphism classes of the original 2-morphisms.
Definition 2.6. The homotopy bicategory h2pXq of a 2-fold Segal space X “ X‚,‚ is defined as follows:
objects are the points of the space X0,0 and
Homh2pXqpx, yq “ h1
`
HomXpx, yq
˘
“ h1
ˆ
txu
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
tyu
˙
as Hom categories. Horizontal composition is defined as follows:ˆ
txu
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
tyu
˙
ˆ
ˆ
tyu
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
tzu
˙
ÝÑ txu
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
tzu
Ð˜Ý txu
h
ˆ
X0,‚
X2,‚
h
ˆ
X0,‚
tzu
ÝÑ txu
h
ˆ
X0,‚
X1,‚
h
ˆ
X0,‚
tzu .
The second arrow happens to go in the wrong way but it is a weak equivalence. Therefore after taking
h1 it turns out to be an equivalence of categories, and thus to have an inverse (assuming the axiom of
choice).
A proof that this definition indeed gives a bicategory will be the subject of a subsequent article.
2.3. Complete and hybrid n-fold Segal spaces. As with (1-fold) Segal spaces, we need to impose
an extra condition to ensure that invertible k-morphisms are paths in the space of pk ´ 1q-morphisms.
Again, there are several ways to include its information.
Definition 2.7. Let X be an n-fold Segal space and 1 ď i, j ď n. It is said to satisfy
CSSi: if for every k1, . . . , ki´1 ě 0,
Xk1,...,ki´1,‚,0,...,0
is a complete Segal space.
SCj: if for every k1, . . . , kj´1 ě 0,
Xk1,...,kj´1,0,‚,...,‚
is discrete, i.e. a discrete space viewed as a constant pn´ j ` 1q-fold Segal space.
Definition 2.8. An n-fold Segal space is
(1) complete, if for every 1 ď i ď n, X satisfies (CSSi).
(2) a Segal n-category if for every 1 ď j ď n, X satisfies (SCj).
(3) m-hybrid for m ě 0 if condition (CSSi) is satisfied for i ą m and condition (SCj) is satisfied
for j ď m.
Denote the full subcategory of SeSp
n
of complete n-fold Segal spaces by CSSp
n
.
Remark 2.9. Note that an n-hybrid n-fold Segal space is a Segal n-category, while an n-fold Segal space
is 0-hybrid if and only if it is complete.
For our purposes, the model of complete n-fold Segal spaces is well-suited, which leeds us to the following
definition.
Definition 2.10. An p8, nq-category is a complete n-fold Segal space.
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2.3.1. The underlying model categories. Similarly to subsection 1.4.3 there are model categories
running in the background. We can consider either the injective or projective model structure on the
category of n-uple simplicial spaces sSpacen, which we denote by sSpacen
c
respectively sSpacen
f
. Bousfield
localizations at the analogs of the Segal maps give model structures whose fibrant objects are (Reedy
fibrant) n-uple Segal spaces, further localizing at maps governing essential constancy, the fibrant objects
become (Reedy fibrant) n-fold Segal spaces, and a third localization at a map imposing completeness gives
model structures sSpaceCSe
n,c
respectively sSpaceCSe
n,f
whose fibrant objects are (Reedy fibrant) complete
n-fold Segal spaces, see [Lur09b, BS11] and [JS15, Appendix]. Note that again, the identity map induces
a Quillen equivalence between sSpacen
c
and sSpacen
f
which descends to the localizations.
Alternatively, and by [JS15, Appendix, Proposition A.9] equivalently, the construction of complete Segal
objects for absolute distributors from [Lur09b] provides an iterative definition of these model categories
by considering simplicial objects in a suitable model category (which is taken to be the appropriate local-
ization of sSpace
n´1,c
respectively sSpace
n´1,f
) and localizing at the maps governing the Segal condition,
essential constancy, and/or completeness in the new simplicial direction.
[Lur09b] also provides a model category whose fibrant objects are Segal category objects in some suitable
underlying model category, thus allowing an iteration of the construction of Segal categories as well.
Applying this construction m times to the above one for complete pn´mq-fold Segal spaces provides a
model category whose fibrant objects are m-hybrid n-fold Segal spaces.
One can show (see e.g. in [Bar05, Lur09b, BR13, BR14, Zha13]) that equivalences between (possibly non-
complete) n-fold Segal spaces for this model structure are exactly the Dwyer-Kan equivalences, which
are defined inductively. For this we need the following inductive definition of the homotopy category of
an n-fold Segal space:
Definition 2.11. The homotopy category h1pXq of an n-fold Segal spaceX‚,...,‚ is the following category:
its objects are the 0-simplices, i.e. the points of X0,...,0. For x, y two objects, we let
HomXpx, yq‚,...,‚ :“ txu
h
ˆ
X0,‚,...,‚
X1,‚,...,‚
h
ˆ
X0,‚,...,‚
tyu
be the pn´ 1q-fold Segal space of morphisms11 from x to y. Now let morphisms in h1pXq from x to y be
the set of isomorphism classes of objects in h1pHomXpx, yq‚,...,‚q, which is already defined by induction.
Composition is defined using the Segal condition in the first index.
Definition 2.12. A morphism f : X Ñ Y of n-fold Segal spaces is a Dwyer-Kan equivalence if
(1) the induced functor h1pfq : h1pXq Ñ h1pY q is essentially surjective.
(2) for each pair of objects x, y P X0,...,0, the induced morphism HomXpx, yq Ñ HomY pfpxq, fpyqq
is a Dwyer-Kan equivalence of pn´ 1q-fold Segal spaces.
Again we obtain equivalences of complete Segal spaces
NpCSSp
n
, lweq ÝÑ NpSeSp
n
,DK q ÝÑ NpsSpace
n
,WCSef q ,
where WCSef is the subcategory of weak equivalences in the localization sSpace
CSe
n,f
.
Remark 2.13. Note that CSSp
n
is the subcategory of fibrant objects for a left Bousfield localiza-
tion of sSpace
n,f
and weak equivalences of complete n-fold Segal spaces are level-wise weak equiva-
lences. Denoting the category of fibrant objects in sSpaceCSe
n,c
, the Reedy fibrant complete n-fold Segal
spaces, by CSSp
n,c
, the Quillen equivalence between sSpace
n,c
and sSpace
n,f
induces an equivalence
NpCSSp
n,c
, lweq ÝÑ NpCSSp
n
, lweq, whose inverse is given by Reedy fibrant replacement p´qR.
Recall from Remark 2.5 that we can think of an n-fold Segal space in an iterative way: we can view an
n-fold Segal space as a Segal object in pn ´ 1q-fold Segal spaces, which we in turn can think of a Segal
object in Segal objects in pn ´ 2q-fold Segal spaces, etc. Then condition (CSSi) above means that the
ith iteration is a complete Segal space object. For more on this point of view, see [Lur09b, Hau14]
11We will revisit this notion in 2.4.4.
Definition 2.14. Given an n-fold Segal space X‚,...,‚, one can apply the completion functor iteratively
to obtain a complete n-fold Segal space pX‚,...,‚, its (n-fold) completion. This yields a map X Ñ pX , the
completion map, which is universal among all maps (in the homotopy category) to complete n-fold Segal
spaces. It is a left adjoint to the embedding of CSSp
n
rlwe
´1
s into SeSp
n
rlwe
´1
s.
If an n-fold Segal space X‚,...,‚ satisfies (SC
j) for j ď m, we can apply the completion functor just to
the last pn´mq indices to obtain an m-hybrid n-fold Segal space pXm‚,...,‚, its m-hybrid completion.
2.4. Constructions of n-fold Segal spaces. We describe several intuitive constructions of p8, nq-
categories in terms of (complete) n-fold Segal spaces.
2.4.1. Truncation. Given an p8, nq-category, for k ď n its p8, kq-truncation, or k-truncation, is the
p8, kq-category obtained by discarding the non-invertible m-morphisms for k ă m ď n.
In terms of n-fold Segal spaces, there is a functor τk : SeSpn Ñ SeSpk sending X “ X‚,...,‚ to its
k-truncation, the k-fold Segal space
τkX “ X‚, . . . , ‚loomoon
k times
,0, . . . , 0loomoon
n´k times
.
IfX ism-hybrid then so is τkX by the definition of the conditions (CSS
i) and (SCj). In particular, ifX is
complete, then τkX is as well, and thus, the truncation of an p8, nq-category is an p8, kq-category.
Warning. Truncation does not behave well with respect to completion, i.e. the truncation of the com-
pletion is not the completion of the truncation. However, we get a map in one direction:
τkpXq //

τkp pXq
{τkpXq
;;
✇
✇
✇
✇
In general, this map is not an equivalence. So in general one should always complete an n-fold Segal
space before truncating it. For example, for n “ 1 and a non-complete Segal Space X , the truncation
τ1pXq “ X0 is just the zeroth space, but the truncation of the completion will be equivalent to the
underlying 8-groupoid X inv1 . The map in this case is given by the degeneracy map. In the example
X “ NpGq from Remark 1.19, the former is NpGq0 “ t˚u and the latter is BG, which are not equivalent
in general.
Remark 2.15. As explained above, the k-truncation of an p8, nq-category X should be the maximal
p8, kq-category contained in X . However, the image of the degeneracy
X 1,...,1lomon
k
,0,...,0 ãÑ X 1,...,1lomon
m
,0,...,0
consists exactly of the invertible m-morphisms for k ă m ď n if and only if X satisfies (CSSi) for
k ă i ď n. For example, if X “ X‚ is a (1-fold) Segal space then X0 is the underlying 8-groupoid of
invertible morphisms if and only if X is complete.
2.4.2. Extension. Any p8, nq-category can be viewed as an p8, n ` 1q-category with only identities as
pn` 1q-morphisms.
In terms of n-fold Segal spaces, any n-fold Segal space can be viewed as a constant simplicial object in
n-fold Segal spaces, i.e. an pn ` 1q-fold Segal space which is constant in the first index. Explicitly, if
X‚,...,‚ is an n-fold Segal space, then εpXq‚,...,‚ is the constant simplicial object in the category of Segal
spaces given by X , i.e. it is the pn` 1q-fold Segal space such that for every k ě 0,
εpXq‚,...,‚,k “ X‚,...,‚
and the face and degeneracy maps in the last index are identity maps.
Lemma 2.16. If X is complete, then εpXq is complete.
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Proof. Since X is complete, it satisfies (CSSi) for i ą 1. For i “ 0, we have to show that εpXq‚,0,...,0 is
complete. This is satisfied because
pεpXq1,0,...,0q
inv “ εpXq1,0,...,0 “ X0,...,0 “ εpXq0,0,...,0,
since morphisms between two elements x, y in the homotopy category of εpXq‚,k2,...,kn are just connected
components of the space of paths in Xk2,...,kn , and thus are always invertible. 
We call ε the extension functor, which is left adjoint to τn. Moreover, the unit id Ñ τ1 ˝ ε of the
adjunction is the identity.
2.4.3. Inverting. Given an p8, nq-category, for k ď n we obtain an p8, kq-category by inverting the
non-invertible m-morphisms for k ă m ď n.
We saw that the extension functor ε had a right adjoint τn. It also has a left adjoint η, which formally
inverts all pn`1q-morphisms. For an n-fold Segal space X , this is given by realizing the last index,
pηXqk1,...,kn “ |Xk1,...,kn,‚|.
Here geometric realization amounts to taking the diagonal of the bisimplicial set Xk1,...,kn,‚. Since the
following diagram of right adjoints commutes, the diagram of left adjoints commutes as well. Therefore,
completion and inverting commute.
SeSp
n`1
SeSp
n
CSSp
n`1
CSSp
n
%
%
yp´q
η
%
ε
yp´q
%
η
ε
2.4.4. The higher category of morphisms and loopings. Given two objects x, y in an p8, nq-
category, morphisms from x to y should form an p8, n´ 1q-category.
This can be realized for n-fold Segal spaces, which is one of the main advantages of this model for
p8, nq-categories.
Definition 2.17. Let X “ X‚,¨¨¨ ,‚ be an n-fold Segal space. As we have seen above one should think
of objects as vertices of the space X0,...,0. Let x, y P X0,...,0. The pn´ 1q-fold Segal space of morphisms
from x to y is
HomXpx, yq‚,¨¨¨ ,‚ “ txu
h
ˆ
X0,‚,¨¨¨ ,‚
X1,‚,¨¨¨ ,‚
h
ˆ
X0,‚,¨¨¨ ,‚
tyu .
Remark 2.18. Note that if X is m-hybrid, then HomXpx, yq is pm´ 1q-hybrid.
Example 2.19 (Compatibility with extension). Let X be an p8, 0q-category, i.e. a space, viewed as
an p8, 1q-category, i.e. a constant (complete) Segal space εpXq‚, εpXqk “ X . For any two objects
x, y P εpXq0 “ X the p8, 0q-category, i.e. the space, of morphisms from x to y is
HomεpXqpx, yq “ txu
h
ˆ
εpXq0
εpXq1
h
ˆ
εpXq0
tyu “ txu
h
ˆ
X
tyu “ PathXpx, yq ,
the path space in X , which coincides with what one expects by the interpretation of paths, homotopies,
homotopies between homotopies, etc. being higher invertible morphisms.
Definition 2.20. Let X be an n-fold Segal space, and x P X0 an object in X . Then the looping of X
at x is the pn´ 1q-fold Segal space
ΩxpXq‚,...,‚ “ HomXpx, xq‚,...,‚ “ txu ˆ
h
X0,‚,...,‚
X1,‚,...,‚ ˆ
h
X0,‚,...,‚
txu.
In the following, it will often be clear at which element we are looping, e.g. if there essentially is only
one element, or at a unit for a monoidal structure, which we define in the next section. Then we omit
the x from the notation and just write
ΩX “ ΩpXq “ ΩxpXq.
We can iterate this procedure as follows.
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Definition 2.21. Let Ω0xpXq “ X . For 1 ď k ď n, let the k-fold iterated looping be the pn ´ kq-fold
Segal space
ΩkxpXq “ ΩxpΩ
k´1
x pXqq,
where we view x as a trivial k-morphism via the degeneracy maps, i.e. an element in Ωk´1x pXq0...,0 Ñ
X 1,...,1lomon
k
,0,...,0.
Looping k times commutes with taking the k-hybrid completion up to weak equivalence, since completion
is taken index by index:
Let X be a k-hybrid n-fold Segal space. Then for the k-hybrid completion Xˆ, which is the completion in
the last pn´kq variables, we have that ΩkpXˆq
»
ÝÑ Xˆ1, . . . 1loomoon
k
,‚,...,‚ is complete, so by the universal property
of completion, the horizontal map in the following diagram exists:{ΩkpXq ΩkpXˆq
ΩkpXq
Lemma 2.22. Let X be a k-hybrid n-fold Segal space. Then the induced map{ΩkpXq »ÝÑ ΩkpXˆq
is a level-wise weak equivalence.
Proof. In the diagram {ΩkpXq ΩkpXˆq
ΩkpXq
we know that the vertical map is a DK-equivalence, since completions are DK-equivalences. Moreover,
since X is hybrid, we have that ΩkpXq
»
ÝÑ X1, . . . 1loomoon
k
,‚,...,‚ and Ω
kpXˆq
»
ÝÑ Xˆ1, . . . 1loomoon
k
,‚,...,‚, and by definition
of (hybrid) completion, X1, . . . 1loomoon
k
,‚,...,‚ Ñ Xˆ1, . . . 1loomoon
k
,‚,...,‚ is just a completion, so it is a DK-equivalence.
Thus, in the diagram {X1, . . . 1loomoon
k
,‚,...,‚ Xˆ1, . . . 1loomoon
k
,‚,...,‚
X1, . . . 1loomoon
k
,‚,...,‚
by the two-out-of-three property, the horizontal morphism is as well. But since both {X1, . . . 1loomoon
k
,‚,...,‚ and
Xˆ1, . . . 1loomoon
k
,‚,...,‚ are complete, it is a level-wise equivalence. 
2.4.5. n-fold from n-uple Segal spaces. We can extract the maximal n-fold Segal space from an
n-uple one by the following procedure. Let us recall and introduce some notation for various model
structures on the category of n-uple simplicial spaces.
‚ sSpacepCqSe
n,f
, where fibrant objects are (complete) n-fold Segal spaces.
‚ sSpacepCqSe
n,c
, where fibrant objects are Reedy fibrant (complete) n-fold Segal spaces.
‚ sSpacen,f
Se
, where fibrant objects are n-uple Segal spaces.
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‚ sSpacen,c
Se
, where fibrant objects are Reedy fibrant n-uple Segal spaces.
From now, let ˚ P tc, fu. There are (two) Quillen adjunctions
sSpaceSe
n,˚
id
Ô
id
sSpacen,˚
Se
.
Let us denote (in a rather unusual way) L :“ Rid : NpsSpaceSe
n,˚
, w.e.q Ñ NpsSpacen,˚
Se
, w.e.q. Observe
that on fibrant objects, L is nothing but the inclusion of (possibly Reedy fibrant) n-fold Segal spaces into
(possibly Reedy fibrant) n-uple Segal spaces. After [Hau14, Proposition 4.12], we know it has a right
adjoint R. For the given (possibly Reedy fibrant) n-uple Segal space X , we wish to compute RpXq. By
adjunction, we know that
RpXq‚,...,‚ »Map
h
sSpaceSe
n,˚
`
∆~‚,RpXq
˘
» Maph
sSpacen,˚
Se
`
Lp∆~‚q, X
˘
,
where ∆
~k for ~k “ pk1, . . . , knq is the n-fold simplicial set represented by rk1s ˆ ¨ ¨ ¨ ˆ rkns P ∆
ˆn, and
Maph denotes the derived mapping space.
We will now find an explicit way to compute RpXq by finding cofibrant replacements of Lp∆
~kq. We start
by recalling certain strict n-categories of the desired shapes, which are all objects in Joyal’s category Θn
[Joy97, Rez10].
For ~k “ pk1, . . . , knq, let Θ
~‚ be the walking ~k-tuple of n-morphisms which is the strict n-category from
[JS15, Definition 5.1]. We do not want to recall the full definition here, but rather the intuition:
‚ For ~k “ p1, 0, . . . , 0q, the category Θ
~k “ is the walking 1-morphism.
‚ For ~k “ p2, 0, . . . , 0q, the category Θ
~k “ is the walking composable pair of 1-morphisms.
‚ For ~k “ p2, 1, . . . , 0q, the strict 2-category Θ
~k “ is the walking horizontally com-
posable pair of 2-morphisms.
‚ For ~k “ p3, 2, . . . , 0q, we have the strict 2-category Θ
~k “
‚ More generally, for ~k “ pk1, . . . , knq, the strict n-category Θ
~‚ has k1 ¨ ¨ ¨ kn n-morphisms which
are composable following the pattern of a grid of dimension k1 ˆ ¨ ¨ ¨ ˆ kn.
The elementary building blocks for these categories are Θpnq, where pnq “ p1, . . . , 1loomoon
n
, 0, . . . , 0q. All others
are built by gluing these in a grid of of dimension k1ˆ¨ ¨ ¨ˆkn. In [BS11] Barwick–Schommer-Pries use the
following definition, which can been easily seen to be equivalent to the one in [JS15] by induction:
Definition 2.23. Let C1 be the walking 1-morphism, i.e. the category with two objects and one non-
identity morphism from one object to the other, C1 “ t u. The strict n-category Θpnq is defined
inductively by the pushout square
t0, 1u ˆΘpn´1q C1 ˆΘpn´1q
t0, 1u ˆ t˚u Θpnq.
Note that this immediately implies the existence of a surjective “collapse” map cn : C
n Ñ Θpnq, where
Cn “ pC1qˆn is the walking n-morphism as a strict n-uple category.
The n-fold nerve of Θ
~k is
‚ levelwise fibrant (because Θ
~k is discrete).
‚ a Segal space (because Θ
~k is a strict n-category).
‚ complete (because Θ
~k is reduced).
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Let us thus abuse notation and still write Θ
~k for this (complete) n-fold Segal space. Now we can write
the formula for the cofibrant replacement, and therefore the recipe for finding the underlying n-fold Segal
space.
Theorem 2.24. Given a n-uple Segal space X, its maximal underlying n-fold Segal space has levels, for
~k “ pk1, . . . , knq P p∆
opqn,
RpXq~k “Map
h
sSpacen,˚
Se
pΘ
~k, Xq.
Since Θ~‚ is an n-fold cosimplicial object in strict n-categories (see [JS15]), this defines a (complete)
n-fold Segal space.
To prove this Theorem, we need to understand what the cofibrant replacement Lp∆~‚q is. The first step
is a tool to compute the right hand expression in the Theorem, namely, an explicit cofibrant replacement
of Θ
~k.
Proposition 2.25. For n “ 1, the category Θp1q, or rather its nerve, is cofibrant in the projective model
structure sSpace1,f
CSe
. For n ą 1, a cofibrant replacement of Θpnq in the projective model structure of
n-uple Segal spaces sSpacen,f
Se
is given inductively by replacing the pushouts in the definition by homotopy
pushouts and Θpn´1q by its (inductively already defined) cofibrant replacement.
Proof. Similarly to Section 1.4, we use an argument similar to that in [JS15], Remark 3.4., which observes
the following: Θp2q is given by a strict pushout along a diagram of cofibrant objects of which one arrow
is an inclusion. By [Lur09a, A.2.4.4], this is a homotopy pushout in the injective model structure and
therefore homotpy equivalent to the homotopy pushout in the projective model structure. So a cofibrant
replacement of Θp2q is given by taking the homotopy pushout of the same diagram,
t0, 1u ˆ C1 C2
t0, 1u ˆ t˚u cofpΘp2qq
h{
Now we proceed by induction. Assume we have shown the statement for k ă n and we have a cofibrant
replacement cofpΘpkqq given as in the Proposition. Then, since the map t0, 1u ãÑ C1 is a cofibration
in the projective model structure, the map t0, 1u ˆ cofpΘpn´1qq ãÑ C1 ˆ cofpΘpn´1qq is a cofibration.
Moreover, t0, 1u ˆ cofpΘpn´1qq, C1 ˆ cofpΘpn´1qq, and t0, 1u ˆ t˚u are all cofibrant, so we can use the
above-mentioned [Lur09a, A.2.4.4], again to see that the strict pushout, which is weakly equivalent to
Θpnq, is a homotopy pushout, and moreover cofibrant. Summarizing, it is a cofibrant replacement of
Θpnq. 
Remark 2.26. Similarly, we can obtain cofibrant replacements for Θ
~k as defined in [JS15] by replacing
the pushouts in the definition by homotopy pushouts.
The remaining ingredient in the proof of the Theorem is the following Lemma.
Lemma 2.27. The natural map ∆
~k Ñ Θ
~k is a weak equivalence in sSpaceSe
n,˚
.
Proof. We need to show that for any fibrant object Y in sSpaceSe
n,˚
the induced map MaphsSpaceSe
n,˚
pΘ
~k, Y q Ñ
MaphsSpaceSe
n,˚
p∆
~k, Y q is a weak equivalence of simplicial sets.
We show the claim for ~k “ pkq proceeding by induction using the explicit cofibrant replacement from
the previous Proposition. For k “ 1, this is true, since Θp1q “ ∆p1q “ ∆1. Assume we have proven the
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statement for l ă k. Then
MaphpΘpkq, Y q
»
ÝÑMaphpC1 ˆΘpk´1q, Y q
h
ˆ
Maphpt0,1uˆΘpk´1q,Y q
Maphpt0, 1u, Y q
» MaphpC1 ˆΘpk´1q, Y q
h
ˆ
Y ˆ2
0,‚,...,‚
Y ˆ20,...,0
» MaphpC1 ˆΘpk´1q, Y q
» MaphpΘpk´1q,HompC1, Y qq.
Here the first equivalence uses that the cofibrant replacement of Θpkq is the homotopy pushout as de-
scribed in the previous Proposition, the next equivalence computes the mapping spaces on the right
and below the times symbol, the third equivalence uses essential constancy of Y , i.e. condition (ii) in
Definition 2.4, and the last one uses that n-fold Segal spaces are Cartesian closed.
By the induction hypothesis, the natural map ∆pk´1q Ñ Θpk´1q induces an equivalence
MaphpΘpk´1q,HompC1, Y qq
»
ÝÑ Maphp∆pk´1q,HompC1, Y qq »Maphp∆pkq, Y q » Ypkq.
A similar argument works for general ~k. 
Remark 2.28. The above Lemma is equivalent to the observation that the model structure sSpaceSe
n,˚
can be obtained as the left Bousfield localization of sSpacen,˚
Se
along ∆
~k Ñ Θ
~k.
Proof of Theorem 2.24. The following equivalences are compatible with the cosimplicial structure of ∆~‚
and Θ~‚:
RpXq~k –Map
h
`
∆
~k,RpXq
˘
»Maph
`
Lp∆
~kq, X
˘ Lemma2.27
ÐÝÝÝÝÝÝÝÝ
»
Maph
`
LpΘ
~kq, X
˘
»MaphpΘ
~k, Xq .

3. Symmetric monoidal structures
3.1. Definition via Γ-objects. Following [Toe, TV15], we define a symmetric monoidal n-fold Segal
space in analogy to Segal’s Γ-spaces from [Seg74]. This is a special case of commutative monoid in an
arbitrary p8, 1q-category as defined in [Lur].
Definition 3.1. Segal’s category Γ is the category whose objects are the finite sets
xmy “ t0, . . . ,mu,
for m ě 0 which are pointed at 0. Morphisms are pointed functions, i.e. for k,m ě 0, functions
f : xmy ÝÑ xky, fp0q “ 0.
For every m ě 0, there are m canonical morphisms
γβ : xmy ÝÑ x1y, j ÞÝÑ δβj
for 1 ď β ď m, called the Segal morphisms.
Remark 3.2. Note that Γ is a skeleton of the category of finite pointed sets Fin˚. In his original paper
[Seg74], Segal defined Γ to be the opposite category of Fin˚. However, in the literature, Γ has often
appeared in the above convention.
Recall from Section 2.3.1 that the p8, 1q-category of p8, nq-categories is presented by a model category
in which the fibrant objects are complete n-fold Segal spaces. More precisely, the p8, 1q-category of
p8, nq-categories is defined to be the complete Segal space
NpCSSp
n
, lweq » NpSeSp
n
,DK q » NpsSpace
n
,WCSef q.
We would now like to define a symmetric monoidal p8, nq-category to be an p8, 1q-functor from Γ,
viewed as an p8, 1q-category, e.g. as NpΓ, Iso Γq, to the p8, 1q-category of p8, nq-categories satisfying
certain properties.
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Using the strictification theorem of Toe¨n-Vezzosi from [TV02] the p8, 1q-category of such functors can be
computed using the model category psSpaceCSe
n,f
qΓ of Γ-diagrams in sSpaceCSe
n,f
endowed with the projective
model structure,
NppsSpaceCSe
n,f
qΓ,Wq
»
ÝÑ MaphsSpaceCSe
n,f
pNpΓ, Iso Γq, NpsSpace
n
,WCSef qq.
Fibrant objects in the former are strict functors from Γ to CSSp
n
. Thus the following definition suf-
fices.
Definition 3.3. A symmetric monoidal complete n-fold Segal space is a (strict) functor from Γ to the
(strict) category of complete n-fold Segal spaces CSSp
n
,
A : Γ ÝÑ CSSp
n
such that for every m ě 0, the induced map
A
` ź
1ďβďm
γβ
˘
: Axmy ÝÑ pAx1yqm
is an equivalence of complete n-fold Segal spaces.
The complete n-fold Segal space X “ Ax1y is called the complete n-fold Segal space underlying A, and
by abuse of language we will sometimes call a complete n-fold Segal space X symmetric monoidal, if
there is a symmetric monoidal complete n-fold Segal space A such that Ax1y “ X .
Remark 3.4. Note that in particular, for m “ 0, this implies that Ax0y is levelwise equivalent to a
point, viewed as a constant n-fold Segal space, which we will denote by 1.
Remark 3.5. We can define symmetric monoidal n-fold Segal spaces in a similar way, by replacing
CSSp
n
be SeSp
n
.
Definition 3.6. The p8, 1q-category, i.e. complete Segal space, of functors from Γ to CSSp
n
, which
as mentioned above can be computed using the model category of Γ-diagrams in sSpaceCSe
n,f
, has a full
sub-p8, 1q-category of symmetric monoidal complete n-fold Segal spaces. Similarly to Section 2.3.1, this
p8, 1q-category can be realized as the localization of the projective model structure on psSpaceCSe
n,f
qΓ
with respect to the Segal morphisms, see [JS15, Example A.11]. A 1-morphism in this p8, 1q-category
is called a symmetric monoidal functor of p8, nq-categories.
The completion map X Ñ pX is a weak equivalence. Moreover, since Dwyer-Kan equivalences are closed
under products, completion commutes with finite products of Segal spaces (up to weak equivalence).
Therefore we obtain the following Lemma.
Lemma 3.7. If A : Γ ÝÑ SeSp
n
is a symmetric monoidal n-fold Segal space, thenpA : Γ ÝÑ CSSp
n
,
xmy ÞÝÑ{Axmy
is a symmetric monoidal complete n-fold Segal space.
Example 3.8. Let A : Γ ÝÑ SeSp be a symmetric monoidal Segal space. Consider the product of maps
γ1 ˆ γ2 and the map γ : x2y Ñ x1y; 1, 2 ÞÑ 1. They induce a span
Ax1y ˆAx1y
Apγ1qˆApγ2q
ÐÝÝÝÝÝÝÝÝ
»
Ax2y
Apγq
ÝÑ Ax1y.
Passing to the homotopy category, we obtain a map
h1pAx1yq ˆ h1pAx1yq ÝÑ h1pAx1yq.
Toe¨n and Vezzosi showed in [TV15] that this is a symmetric monoidal structure on the category h1pAx1yq.
Roughly speaking, this uses functoriality of A. Associativity uses the Segal space Ax3y; Ax0y corresponds
to the unit; and the map c : x2y Ñ x2y; 1 ÞÑ 2, 2 ÞÑ 1 induces the braiding and commutativity.
Example 3.9. Truncations and extensions of symmetric monoidal p8, n)-categories are again symmetric
monoidal. Let A be a symmetric monoidal n-fold (complete) Segal space. Since τk and ε are functorial,
and preserve weak equivalences and products (since they are right adjoints), the assignments
τkpAqxmy “ τkpAxmyq, εpAqxmy “ εpAxmyq
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can be extended to functors τkpAq and εpAq, and the images of A
`ś
1ďβďm γβ
˘
are again weak equiva-
lences. Thus, they endow the k-truncation and extension with a symmetric monoidal structure.
Example 3.10. Given a symmetric monoidal (possibly complete) n-fold Segal space A : Γ ÝÑ SeSp
n
,
recall that Ax0y is weakly equivalent to the point 1 viewed as a constant n-fold Segal space. For every
m ě 0 there is a unique map x0y Ñ xmy, which induces a map 1 » Ax0y Ñ Axmy which picks out a
distinguished object 1xmy P Axmy. The looping of A with respect this object is also symmetric monoidal,
with
ΩpAqxmy “ Ω
1xmy
pAxmyq ,
which extends to a symmetric monoidal structure similarly to in the previous example. Note that since
the space of choices for the unit 1xmy is contractible, different choices lead to equivalent loopings.
Example 3.11. Important examples come from the classification diagram construction. Let C be a
small symmetric monoidal category and let W “ Iso C. As we saw in Section 1.22, this gives a complete
Segal space NpC,Wq. The symmetric monoidal structure of C endows NpC,Wq with the structure of a
symmetric monoidal complete Segal space:
First note that Wˆm “ IsopCˆmq for every m. On objects, let A : Γ ÝÑ CSSp be given by Axmy “
NpCˆm,Wˆmq‚. We explain the image of the map x2y Ñ x1y; 1, 2 ÞÑ 1, which should be a map Ax2y Ñ
Ax1y. The image of an arbitrary map xmy Ñ xly can be defined similarly.
An l-simplex in Ax2y 0 “ NpC ˆ C,W ˆWq0 is a pair
C0
w1ÝÝÑ ¨ ¨ ¨
wlÝÑ Cl, D0
w1
1ÝÝÑ ¨ ¨ ¨
w1lÝÑ Dl,
and is sent to
C0 bD0
w1bw
1
1ÝÝÝÝÑ . . .
wlbw
1
lÝÝÝÝÑ Cl bDl.
Observe that wi b w
1
i is again in W . More generally, an l-simplex in
Ax2yk “ NpC ˆ C,W ˆWqk
is a pair of diagrams
C0,0 C1,0 . . . Ck,0 D0,0 D1,0 . . . Dk,0
C0,1 C1,1 . . . Ck,1 D0,1 D1,1 . . . Dk,1
...
...
...
...
...
...
C0,l C1,l . . . Ck,l D0,l D1,l . . . Dk,l
f10
w01
f20
w11
fk0
wk1
g10
v01
g20
v11
gk0
vk1
f11
w02
f21
w21
fk1
wk2
g11
v02
g21
v21
gk1
vk2
w0l w1l wkl v0l v1l vkl
f1l f2l fk,l g1l g2l gk,l
which is sent to the diagram
C0,0 bD0,0 C1,0 bD1,0 . . .
C0,1 bD0,1 C1,1 bD1,1 . . .
...
...
f10bg10
w01bv01
f20bg20
w11bv11
f11bg11 f21bg21
of component-wise tensor products.
Finally, we need to check that A
`ś
1ďβďm γβ
˘
is a weak equivalence. This follows from the fact that
pAxmyqk “ NpC
ˆm,Wˆmqk “
`
NpC,Wqk
˘ˆm
“
`
Ax1yk
˘m
.
Remark 3.12. More generally, if we start with a symmetric monoidal relative category pC,Wq (a
definition can e.g. be found in [Cam14]), such that all NpCˆm,Wˆmq are (complete) Segal spaces, then
the above construction for pC,Wq yields a symmetric monoidal (complete) Segal space NpC,Wq.
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3.2. Definition via towers of pn ` iq-fold Segal spaces. Recall that a monoidal category can be
seen as a bicategory with just one object. Similarly, a k-monoidal n-category should be the same as a
connected pk`nq-category with only one object, one 1-morphism, one 2-morphism, and so on up to one
pk ´ 1q-morphism.
We will base our definitions for (symmetric) monoidal p8, nq-categories in this section on this guiding
principle, which often goes by the name “Delooping Hypothesis”.
Moreover, in our simplicial setting this principle turns out to be true almost by definition: we will use that
associative monoids in a (higher) category C can be described as simplicial objects in C satisfying Segal
conditions. This motivates the following definition of a (k-)monoidal complete n-fold Segal space.
3.2.1. Monoidal n-fold complete Segal spaces. To implement the above idea, we first need to explain
what “having (essentially) one object” means.
Definition 3.13. A connected or 0-connected n-fold Segal space X is a pointed object in n-fold Segal
spaces, i.e. a morphism ˚ Ñ X from the constant n-fold Segal space consisting of a point, to X , such
that the map
˚ ÝÑ X0,‚,...,‚
is a weak equivalence of pn ´ 1q-fold Segal spaces. In particular, a connected n-fold Segal space has a
contractible space of objects.
Definition 3.14. A monoidal complete n-fold Segal space is a 1-hybrid pn ` 1q-fold Segal space Xp1q
which is connected. Note that as Xp1q is 1-hybrid, X
p1q
0,‚,...,‚ is constant with values a discrete space.
Thus, to be connected implies that X
p1q
0,‚,...,‚ is equal to the point viewed as a constant n-fold Segal space;
we again denote the unique object by ˚. We say that this endows the complete n-fold Segal space
X “ ΩpXp1qq “ Ω˚pX
p1qq
with a monoidal structure and that Xp1q is a delooping of X .
Remark 3.15. Without the completeness condition, we could define a monoidal n-fold Segal space to
be an pn` 1q-fold Segal space Xp1q which is connected. Then Ω˚pX
p1qq “ HomXp1qp˚, ˚q is independent
of the choice of point ˚ P X0,...,0 and we can say that this endows the n-fold Segal space X “ ΩpX
p1qq “
Ω˚pX
p1qq with a monoidal structure. However, for a complete Segal space X , the space X0,...,0 will not
be contractible (unless it is trivial). Thus, we need a model for p8, n` kq-categories which can have a
point as the set of objects, 1-morphisms, et cetera. This motivates our use of hybrid Segal spaces.
Remark 3.16. Let X be an m-hybrid n-fold Segal space with m ą 0 which is connected. Then
X0,‚,...,‚ “ ˚, and therefore the looping just is
ΩpXq‚,...,‚ “ t˚u
h
ˆ
t˚u
X1,‚,...,‚
h
ˆ
t˚u
t˚u » X1,‚,...,‚.
A similar definition works for hybrid Segal spaces.
Definition 3.17. A monoidal m-hybrid n-fold Segal space is an pm` 1q-hybrid pn` 1q-fold Segal space
Xp1q which is connected. We say that this endows the m-hybrid n-fold Segal space
X “ ΩpXp1qq
with a monoidal structure and that Xp1q is a delooping of X .
Remark 3.18. Definitions 3.14 and 3.17 are special cases of the following more general construction of
monoids in a model category. LetM be a left proper cellular model category, and consider the projective
model structure on the categoryM∆
op
of simplicial objects inM. By the strictification theorem by Toe¨n
and Vezzosi from [TV02], the p8, 1q-category of p8, 1q-functors between the p8, 1q-categories represented
by ∆op and M is equivalent to N
`
M∆
op
, lwe
˘
. We say that an object X‚ PM
∆op is a weak monoid if
the Segal maps
Xn ÝÑ X
n
1
are weak equivalences. One can show that the p8, 1q-category of monoids in NpM,weq, which is, as
usual, obtained by a localization of the model structure on M∆
op
with respect to the maps governing
the Segal morphisms, is equivalent to the relative nerve of the relative category of weak monoids in M
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and levelwise weak equivalences. Monoidal m-hybrid n-Segal spaces are exactly the weak monoids in
m-hybrid n-Segal spaces.
Example 3.19. Let C be a small monoidal category and let W “ Iso C. As we saw in Section 1.22, this
gives a complete Segal space NpC,Wq. The monoidal structure of C endows NpC,Wq with the structure
of a monoidal complete Segal space:
Recall that C‚ was the simplicial object in categories given by Cn :“ Fun
`
rns, Cq. Let Cm,n “ C
bm
n be
the category which has objects of the form
C01 b ¨ ¨ ¨ b C0m
c1 // ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨
cn // Cn0 b ¨ ¨ ¨ b Cnm
for ci “ ci1 b ¨ ¨ ¨ b cim and morphisms of the form
C01 b ¨ ¨ ¨ b C0m
c1 //
f0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨
cn // Cn0 b ¨ ¨ ¨ b Cnm
fn

D01 b ¨ ¨ ¨ bD0m
d1 // ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨
dn // Dn0 b ¨ ¨ ¨ bDnm,
where c1, . . . , cn, d1, . . . , dn, and f
0, . . . , fn are products of m morphisms in C.
Consider its subcategory CWm,n Ă Cm,n which has the same objects, and vertical morphisms involving
only the ones in W “ Iso C, i.e. f0, . . . , fn are products of morphisms in W .
Now let
C
p1q
m,n “ NpC
W
m,nq
be the (ordinary) nerve. By a direct verification one sees that the collection C
p1q
‚,‚ is a 2-fold Segal space.
Moreover,
(1) C
p1q
0,n “ NpC
b0
n q “ ˚, so C
p1q
0,‚ is discrete and equal to the point viewed as a constant Segal space,
and
(2) for every m ě 0, we get that C
p1q
m,‚ “ NpCWm,‚q “ NppC
bm
‚ q
Wq is a complete Segal space.
Summarizing, Cp1q is a 1-hybrid 2-fold Segal space which is connected and endows ΩpCp1qq‚ » C
p1q
1,‚ »
NpC,Wq‚ with the structure of a monoidal complete Segal space.
3.2.2. k-monoidal n-fold complete Segal spaces. To encode braided or symmetric monoidal struc-
tures, we can push this definition even further.
Definition 3.20. An n-fold Segal space X is called j-connected if
X 1,...,1,lomon
j
0,‚,...,‚
is weakly equivalent to the point viewed as a constant n-fold Segal space.
Remark 3.21. Note that being j-connected implies being i-connected for every 0 ď i ă j.
Definition 3.22. A k-monoidal m-hybrid n-fold Segal space is an pm ` kq-hybrid pn ` kq-fold Segal
space Xpkq which is pk ´ 1q-connected.
Remark 3.23. Note that as Xpkq is pm ` kq-hybrid, X
pkq
1,...,1,lomon
i
0,‚,...,‚ is discrete for every 0 ď i ă k.
Thus, being pk ´ 1q-connected implies that X
pkq
1,...,1,lomon
i
0,‚,...,‚ is equal to the point viewed as a constant
pn´ i` 1q-fold Segal space for every 0 ď i ă k.
By the following proposition this definition satisfies the delooping hypothesis. In practice we can use it
to define a k-monoidal n-fold complete Segal space step-by-step by defining a tower of monoidal i-hybrid
pn` iq-fold Segal spaces for 0 ď i ă k.
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Proposition 3.24. The data of a k-monoidal n-fold complete Segal space is the same as a tower of
monoidal i-hybrid pn` iq-fold Segal spaces Xpi`1q for 0 ď i ă k together with weak equivalences
Xpjq » ΩpXpj`1qq
for every 0 ď j ă k ´ 1.
Definition 3.25. We say that these equivalent data endow the complete n-fold Segal space
X “ Xp0q » ΩpXp1qq
with a k-monoidal structure. The pn` i` 1q-fold Segal space Xpi`1q is called an i-fold delooping of X .
Before proving the proposition, we need the following lemmas.
Lemma 3.26. If X is a k-monoidal m-hybrid n-fold Segal space, and 0 ď l ď k, then X is an l-monoidal
pm` k ´ lq-hybrid pn` k ´ lq-fold Segal space.
Proof. Since X is a k-monoidal m-hybrid n-fold Segal space, X is an pm` kq-hybrid pn` kq-fold Segal
space such that
X 1,...,1,lomon
k´1
0,...,0 “ ˚.
This implies that X 1,...,1,lomon
l´1
0,...,0 “ ˚. 
Lemma 3.27. Let X be a k-monoidal m-hybrid n-fold Segal space. Then ΩpXq “ Ω˚pXq is a pk ´ 1q-
monoidal pm´ 1q-hybrid n-fold Segal space.
Proof. This follows from
ΩpXq‚,...,‚ “ HomXp˚, ˚q‚,...,‚ “ t˚u ˆ
h
X0,‚,...,‚
X1,‚,...,‚ ˆ
h
X0,‚,...,‚
t˚u » X1,‚,...,‚,
since X0,‚,...,‚ “ t˚u. 
Proof of Proposition 3.24. Let Y be a k-monoidal n-fold complete Segal space. By Lemma 3.26 it is
a monoidal pk ´ 1q-hybrid pn ` k ´ 1q-fold Segal space and we define the top layer of our tower to be
Xpkq “ Y .
Now let Xpk´1q “ ΩpXpkqq. By Lemmas 3.27 and 3.26, this is a monoidal pk´ 2q-hybrid pn` k´ 2q-fold
Segal space.
Inductively, define Xpiq “ ΩpXpi`1qq for 1 ď i ď k ´ 1. Similarly to above, by Lemmas 3.27 and 3.26,
this is a monoidal pi ´ 1q-hybrid pn` i´ 1q-fold Segal space.
Conversely, assume we are given a tower Xpiq as in the proposition. Since Y “ Xpkq is a monoidal
pk ´ 1q-hybrid pn` k ´ 1q-fold Segal space,
Y0,‚,...,‚ “ X
pkq
0,‚,...,‚ “ ˚. (1)
Since Xpk´1q is a monoidal pk ´ 2q-hybrid pn` k ´ 2q-fold Segal space and by (1),
Y1,0,‚,...,‚ “ X
pkq
1,0,‚,...,‚ “ t˚u ˆ
h
X
pkq
0,0,‚,...,‚
X
pkq
1,0,‚,...,‚ ˆ
h
X
pkq
0,0,‚,...,‚
t˚u
“ ΩpXpkqq0,‚,...,‚
» X
pk´1q
0,‚,...,‚ “ ˚.
(2)
Since Xpkq is k-hybrid, Y1,0,‚,...,‚ “ X
pkq
1,0,‚,...,‚ is discrete and so Y1,0,‚,...,‚ “ ˚.
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Inductively, for 0 ď i ă k, since Xpk´iq is a monoidal pk ´ i´ 1q-hybrid pn` k ´ i´ 1q-fold Segal space
and by (1), (2),. . .
Y 1,...,1,lomon
i
0,‚,...,‚ “ X
pkq
1,...,1,lomon
i
0,‚,...,‚
» t˚u ˆh
X
pkq
0, 1,...,1,lomon
i´1
0,‚,...,‚
X
pkq
1,...,1,lomon
i
0,‚,...,‚ ˆ
h
X
pkq
0, 1,...,1,lomon
i´1
0,‚,...,‚
t˚u
“ ΩpXpkqq 1,...,1,lomon
i´1
0,‚,...,‚
» X
pk´1q
1,...,1,lomon
i´1
0,‚,...,‚ “ . . . » X
pk´iq
0,‚,...,‚ “ ˚.
Again, since Xpkq is k-hybrid, Y 1,...,1,lomon
i
0,‚,...,‚ “ X
pkq
1,...,1,lomon
i
0,‚,...,‚ is discrete and so Y 1,...,1,lomon
i
0,‚,...,‚ “ ˚. 
Given a bicategory C and an object x in C, the endomorphism, or loop category EndCpxq “ ΩxpCq is
monoidal. Its monoidal structure comes from composition of endomorphisms, which is encoded in the
full sub-bicategory of C which has only the object x. In analogy with topology, one can call this delooping
BΩxpCq. We now prove that a similar statement holds for n-fold Segal spaces. With the definition of
“symmetric monoidal” appearing in the next section it will become clear that this provides an analog of
Example 3.10 in this setting.
Recall from Section 2.4 the constructions of the truncation of an n-fold Segal space to an pn ´ 1q-fold
Segal space and its left adjoint, extension. Truncation also has a right adjoint, which is taking the 0th
coskeleton:
pcosk0pXqqk1,‚,...,‚ “ X
pk1`1q
‚,...,‚ ;
face and degeneracy maps are given by partial projections and partial diagonals. Given an n-fold Segal
space X and 1 ď l ď n we can first truncate l times and then take the coskeleton l times to obtain an
n-fold Segal space which we abbreviate by coskl0pXq.
Definition 3.28. Fix 1 ď l ď n. Let X‚,...,‚ be an n-fold Segal space and x P X0,...,0. The object x
determines a map x : ˚ Ñ coskl0pXq using the degeneracy maps. We define a new n-fold Segal space
preL lxpXq as the homotopy pullback
preL lxpXq‚,...,‚ X‚,...,‚
˚ coskl0pXq.
S
x
For preL lxpXq we have that for 1 ď i ď l,
preL lxpXqk1,...,ki´1,0,ki`1,...,kn » ˚ – txu.
To obtain an l-hybrid Segal space, we discretize these spaces, i.e. we define
L
l
xpXqk1,...,ki´1,0,ki`1,...,kn “
#
˚ – txu if ki “ 0 for 1 ď i ď l,
preL lxpXqk1,...,kn else,
with the obvious modified face and degeneracy maps.
Remark 3.29. Unravelling the coskeleton, for k1, . . . , kl ą 0 the pn´lq-fold Segal spaceL
l
xpXqk1,...,kl,‚,...,‚
is a homotopy fiber:
L lxpXqk1,...,kl,‚,...,‚ Xk1,...,kl,‚,...,‚
˚ X
ˆpk1`1q¨¨¨pkn`1q
0,...,0,‚,...,‚
S
x
where S : Xk1,...,kl,‚,...,‚ Ñ X
ˆpk1`1q¨¨¨pkn`1q
0,...,0,‚,...,‚ is the product of all maps arising from the maps fi : r0s Ñ
rkis. The remaining face maps send everything to the point ˚, which we identify with x, or, more
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precisely, its image under the appropriate composition of degeneracy maps. The remaining degeneracy
maps d‚,...,‚ : L
l
xpXqk1,...,kl,‚,...,‚ Ñ L
l
xpXqk1,...,ki´1,...,kl,‚,...,‚ satisfy d‚,...,‚p˚q “ d‚,...,‚pxq, where again
we identify x with its image under the appropriate composition of degeneracy maps. Since X is an n-uple
simplicial space, L lxpXq is well-defined as an n-uple simplicial space. The Segal condition is preserved,
and, if X satisfied condition (CSSi) for some i ą l, then L lxpXq does too.
Lemma 3.30. Let 1 ď l ď n and let X‚,...,‚ be an n-fold Segal space which satisfies (CSS
i) for i ą l.
Then for any x P X0,...,0, the n-fold Segal space L
l
xpXq is an l-monoidal complete pn´ lq-fold Segal space
which endows ΩlxpXq with an l-monoidal structure.
Proof. By construction L lxpXq is pl ´ 1q-connected. Since X satisfies (CSS
i) for i ą l, it is an l-hybrid
n-fold Segal space. Finally, ΩlxpXq “ Ω
l
xpL
l
xpXqq by the following lemma. 
Lemma 3.31. For an n-fold Segal space X, an object x P X0,...,0, and 0 ď l ď n, we have an equivalence
ΩlxpL
l
xpXqq » Ω
l
xpXq.
Proof. This can be checked level-wise: exactly the parts of X which involve x remain in L lxpXq, and
when looping at x that’s the part that is seen. 
This lemma gives a method for finding a k-monoidal structure as a tower.
Proposition 3.32. Let Y p0q be an n-fold Segal space. Assume we are given, for 1 ď l ď k, an pn`lq-fold
Segal space Y plq together with an object yl P Y
plq such that
ΩylpY
plqq » Y pl´1q.
Then Y p0q has a k-monoidal structure. If all Y plq satisfy (CSSi) for i ą l, then Y p0q is a k-monoidal
complete Segal space.
Proof. The monoidal pn ` l ´ 1q-fold Segal space LylpY
plqq endows Y pl´1q with a monoidal structure.
Proposition 3.24 finishes the proof. 
3.2.3. Symmetric monoidal n-fold complete Segal spaces. The Stabilization Hypothesis, first for-
mulated in [BD95], states that an n-category which is monoidal of a sufficiently high degree cannot be
made “more monoidal” and moreover is symmetric monoidal. For Tamasani’s weak n-categories, a proof
was given by Simpson in [Sim98]; for general n-categories a proof follows from Lurie’s proof of Dunn’s
additivity in [Lur], see [GH15] for details.
For p8, nq-categories, we cannot expect stabilization: for instance, k-monoidal p8, 0q-categories are
p8, kq-categories with one object, one morphism, etc. up to one pn ´ 1q-morphism, which, in turn, are
Ek-algebras (in Space). Note that since there are Ek-algebras which are not Ek`1-algebras, there are
k-monoidal p8, 0q-categories which are not pk ` 1q-monoidal. However, this motivates the following
definition:
Definition 3.33. A symmetric monoidal structure on a complete n-fold Segal space X is a tower of
monoidal i-hybrid pn` iq-fold Segal spaces Xpi`1q for i ą 0 such that if we set Xp0q “ X , we have that
for every i ě 0,
Xpiq » ΩpXpi`1qq.
3.3. Comparing the two definitions. In this section we show that every symmetric monoidal p8, nq-
category defined as in Section 3.1 gives one as defined in Section 3.2. The converse is also true, but we
do not go into the details here. Essentially this is a consequence of Dunn’s additivity, see [Lur]: starting
with the definition via a tower of p∆kqop-monoids, one can replace them by Ek-monoids, which in turn,
when letting k go to 8, lead to a commutative monoid. See also [GH15, Corollary 6.3.13].
We start with a symmetric monoidal p8, nq-category defined as in Section 3.1, a symmetric monoidal
complete n-fold Segal space X : ΓÑ CSSp
n
. We will precompose it with the functor
f : ∆op ÝÑ Γ,
rms ÞÝÑ xmy ,
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which sends a map pf : rns Ñ rmsq in ∆ to f˜ : xmy Ñ xny , where f˜p0q “ 0 and for j ‰ 0,
f˜pjq “
#
minti : fpiq “ ju, if it exists,
0, otherwise.
The composition
X˜p1q : ∆op
f
ÝÑ Γ
X
ÝÑ CSSpn
is an pn ` 1q-fold simplicial space. Moreover, since f sends the maps gβ from Remark 1.5 to the Segal
morphisms γβ from Definition 3.1, X˜
p1q is an pn ` 1q-fold Segal space. It satisfies (CSSi) for i ą 1.
Moreover, X˜p1q is connected. However, it does not satisfy (SCj) for j “ 1 since X
p1q
0,‚,...,‚ may not be
discrete. We can easily remedy this problem: choose an object x P X
p1q
0,...,0 and consider the pn` 1q-fold
Segal space Xp1q “ LxpX˜
p1qq. Unravelling the definition, we have that
X
p1q
k1,‚,...,‚
“
#
˚ k1 “ 0
X˜
p1q
k1,‚,...,‚
k1 ‰ 0
as complete n-fold Segal spaces. Note that choosing different x’s leads to equivalent complete n-fold
Segal spaces. Lemma 3.30 implies that Xp1q is a monoidal complete n-fold Segal space.
The higher layers of the tower are obtained from the maps Γk Ñ Γ coming from taking the smash product
of finite pointed sets, i.e. taking their product and identifying anything containing a base point. Then,
composing with fk we obtain
X˜pkq : p∆opqk
fk
ÝÑ Γk ÝÑ Γ ÝÑ CSSp
n
.
Similarly, X˜pkq is pk ´ 1q-connected, but might not satisfy (SCj) for j ď k. Choosing any object
x P X
pkq
0,...,0, then X
pkq “ L kx pX˜
pkqq is the desired k-monoidal complete n-fold Segal space.
Part 2. The p8, nq-category of bordisms
To rigorously define fully extended topological field theories we need a suitable p8, nq-category of bor-
disms, which, informally speaking, has zero-dimensional manifolds as objects, bordisms between objects
as 1-morphisms, bordisms between bordisms as 2-morphisms, etc., and for k ą n there are only invertible
k-morphisms. Finding an explicit model for such a higher category, i.e. defining a complete n-fold Segal
space of bordisms, is the main goal of this part and this paper. We endow it with a symmetric monoidal
structure and also consider bordism categories with additional structure, e.g. orientations and framings,
which allows us, in Section 10, to rigorously define fully extended topological field theories.
4. The complete n-fold Segal space of closed intervals
In this section we define a complete Segal space Int‚ of closed intervals in R which will form the basis of
the n-fold Segal space of bordisms. It will be a tool to record where (in the time direction) the bordisms
can be cut. In particular, there will be a forgetful functor from bordisms to these closed intervals. We
start by defining an internal category of closed intervals in R, whose nerve will give a complete Segal
space of certain tuples of closed intervals. However, for our model of the bordism category, to avoid
having to deal with manifolds with corners, we will instead want to interpret the tuples of intervals as
being closed in an open interval of finite length (instead of R). This will be explained in 4.3. Finally, we
could have chosen that open interval to always be p0, 1q and thus fix the “length” in the time direction
of the bordism and its collars to be 1. This choice requires rescaling and will be explained in 4.5.
4.1. Intc as an internal category. We first define a category internal to topological spaces Intc which
gives rise to a strongly Segal internal category Intc of closed intervals in R.
The topological space of objects of Intc is
Intc0 “ tpa, bq : a ă bu Ă R
2 (3)
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with the standard topology from R2. We interpret an element pa, bq P Intc0 as the closed interval I “ ra, bs.
This interpretation gives a bijection from the set of points of the topological space Intc0 to the set of
closed bounded intervals:
Intc0 ÐÑ tclosed bounded intervals I “ ra, bs in R with non-empty interioru
which we use as an identification. In fact, Intc0 is a submanifold of R
2 and to get the desired Kan
complex Intc0, we take smooth singular simplices (see e.g. [Lee13]), i.e. for l ě 0, the l-simplices are pairs
of smooth maps a, b : |∆l|e Ñ R such that apsq ă bpsq for every s P |∆
l|e. Faces and degeneracies are
the usual ones. We view such an l-simplex as a closed interval bundle and denote it by ra, bs Ñ |∆l|e or
pIpsqqsP|∆l|e “ papsq, bpsqqsP|∆l|e .
The topological space of morphisms of Intc is
Intc1 “ tpa0, a1, b0, b1q : aj ă bj for j “ 0, 1, and a0 ď a1, b0 ď b1u Ă R
4, (4)
again with the standard topology from R4. Now we interpret an element pa0, a1, b0, b1q P Int
c
1 as a pair
of ordered closed intervals I0 ď I1, where I0 “ ra0, b0s and I1 “ ra1, b1s. Here “ordered” means that
a0 ď a1 and b0 ď b1. This gives an identification of the points of the topological space with certain pairs
of intervals:
Intc1 ÐÑ tI0 ď I1 : Ij “ raj , bjs with aj ă bj for j “ 0, 1, and a0 ď a1, b0 ď b1u.
As above Intc1 has the structure of a submanifold of R
4 and by taking smooth singular simplices we obtain
a Kan complex Intc1 whose l-simplices now are quadruples of smooth maps a0, a1, b0, b1 : |∆
l|e Ñ R such
that ajpsq ă bjpsq for j “ 0, 1, a0psq ď a1psq, and b0psq ď b1psq for every s P |∆
l|e. We view such an
l-simplex as a closed interval bundle with two closed subintervals and denote it by pra0, b0s ď ra1, b1sq Ñ
|∆l|e or pI0psq ď I1psqq|∆l|e .
The face and degeneracy maps
Intc0 Int
c
1d
t
s
arise from forgetting and repeating an interval, respectively:
s : ra0, b0s ď ra1, b1s ÞÝÑ ra0, b0s,
t : ra0, b0s ď ra1, b1s ÞÝÑ ra1, b1s,
and
d : ra, bs ÞÝÑ ra, bs ď ra, bs.
Composition is given by remembering the outer intervals:
pra0, b0s ď ra1, b1sq ˝ pra1, b1s ď ra2, b2sq “ pra0, b0s ď ra2, b2sq .
Here s, t, and d are smooth maps, so Intc is a category internal to manifolds. Thus, when taking
smooth singular simplices to get Intc, all above assignments are well-defined for l-simplices as well and
commute with the faces and degeneracies. Moreover, s and t are fibrations since they are restrictions of
projections.
Remark 4.1. Note that even though we like to think of the l-simplices in Intc0 and Int
c
1 as “closed interval
bundles”, we do not treat them as such: face and degeneracy maps are not defined to be pullbacks of
the bundles, which would only be defined up to isomorphism; instead, they are defined explicitly at the
level of spaces to ensure that simplicial functoriality holds.
Summarizing, we obtain
Lemma 4.2. Intc is a strongly Segal internal category.
Moreover, the spaces of objects and morphisms are contractible:
Lemma 4.3. Intc0 » Int
c
1 » ˚.
Proof. The underlying topological space is contractible as a subspace of R2k, so the associated Kan
complex given by taking smooth simplices is also contractible. 
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4.2. Intc as a complete Segal space. We defined Intc as a strongly Segal internal category in the
previous section. Its nerve, constructed in Section 1.5.3, is a Segal space Intc‚ “ NpInt
cq‚. Let us spell
out this Segal space in more detail to become more familiar with it.
For an integer k ě 0, let
Intck “ tpa, bq “ pa0, . . . , ak, b0, . . . , bkq : aj ă bj for 0 ď j ď k, and
aj´1 ď aj and bj´1 ď bj for 1 ď j ď ku Ă R
2k
(5)
with the subspace topology. As above, one can extract Kan complexes Intck by taking smooth simplices.
Note that for k “ 0, 1 this coincides with (3) and (4) above. As before, we interpret an element pa, bq as
an ordered pk ` 1q-tuple of closed intervals I “ I0 ď ¨ ¨ ¨ ď Ik with left endpoints aj and right endpoints
bj such that Ij has non-empty interior. By “ordered”, i.e. Ij ď Ij1 , we mean that the endpoints are
ordered, i.e. aj ď aj1 and bj ď bj1 for j ď j
1.
Spatial structure of the levels. The spatial structure of a level Intck comes from taking smooth singular
simplices of the submanifold of R2k. Thus, an l-simplex consists of smooth maps
|∆l|e Ñ R, s ÞÑ ajpsq, bjpsq
for j “ 0, . . . , k such that for every s P |∆l|e, the following inequalities hold:
aipsq ă bipsq, for i “ 0, . . . , k
ai´1psq ď aipsq, and
bi´1psq ď bipsq for i “ 1, . . . , k.
We denote an l-simplex by pI0 ď ¨ ¨ ¨ ď Ikq Ñ |∆
l|e or pI0psq ď ¨ ¨ ¨ ď IkpsqqsP|∆l| and call it a closed
interval bundle with pk ` 1q subintervals.
For a morphism f : rms Ñ rls in the simplex category ∆, i.e. a (weakly) order-preserving map, let
|f | : |∆m|e Ñ |∆
l|e be the induced map between standard simplices. Let f
∆ be the map sending an
l-simplex in Intck to the m-simplex in Int
c
k given by precomposing with |f |,
f∆ :
`
I0psq ď ¨ ¨ ¨ ď Ikpsq
˘
sP|∆l|e
ÞÝÑ
`
I0p|f |psqq ď . . . ď Ikp|f |psq
˘
sP|∆m|e
.
Notation 4.4. We denote the spatial face and degeneracy maps of Intck by d
∆
j and s
∆
j for 0 ď j ď l.
The following Lemma is a straightforward generalization of Lemma 4.3.
Lemma 4.5. Each level Intck is a contractible Kan complex.
Simplicial structure – the simplicial space Intc‚. By construction, since Int
c was strongly Segal,
its nerve is a functor Intc‚ : ∆
op Ñ Space . Let us recall that to a morphism g : rms Ñ rks in ∆, it
assigns
Intk
g˚
ÝÑ Intm,
pI0psq ď ¨ ¨ ¨ ď IkpsqqsP|∆l|e ÞÝÑ pIgp0qpsq ď ¨ ¨ ¨ ď IgpmqpsqqqsP|∆l|e .
One could alternatively see this directly by observing that the assignment is clearly functorial and f∆
and g˚ commute for all morphisms f, g in ∆.
Notation 4.6. We denote the simplicial face and degeneracy maps by dj and sj for 0 ď j ď k.
Explicitly, they are given by the following formulas. The jth degeneracy map is given by doubling the
jth interval, and the jth face map is given by deleting the jth interval,
Intk
sj
ÝÑ Intk`1, Intk
dj
ÝÑ Intk´1,
I0 ď ¨ ¨ ¨ ď Ik ÞÝÑ I0 ď ¨ ¨ ¨ ď Ij ď Ij ď ¨ ¨ ¨ ď Ik, I0 ď ¨ ¨ ¨ ď Ik ÞÝÑ I0 ď ¨ ¨ ¨ ď Iˆj ď ¨ ¨ ¨ ď Ik.
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The complete Segal space Intc‚.
Proposition 4.7. Intc‚ is a complete Segal space. Moreover, the inclusion ˚ ãÑ Int
c
‚ given by degenera-
cies, where ˚ is seen as a constant complete Segal space, is an equivalence of complete Segal spaces.
Proof. We have seen in Lemma 4.5 that every Intck is contractible. This ensures the Segal condition,
namely that
Intck
»
ÝÑ Intc1
h
ˆ
Intc
0
¨ ¨ ¨
h
ˆ
Intc
0
Intc1,
completeness, and ensures that the given inclusion is a level-wise equivalence. 
4.3. The internal category or complete Segal space Int of ordered closed intervals in an open
one. We now change our interpretation of the spaces (5): we do not identify them with the spaces of
ordered closed bounded intervals I0 ď ¨ ¨ ¨ ď Ik anymore, but as ordered intervals which are closed in
pa0, bkq, i.e. we interpret the elements as
I˜0 ď ¨ ¨ ¨ ď I˜k,
where I˜j “ Ij X pa0, bkq for 0 ď j ď k. Thus, in the generic case when aj ‰ a0 for 0 ă j ď k and bj ‰ bk
for 0 ď j ă k, then I˜0 ď ¨ ¨ ¨ ď I˜k are the half-open or closed intervals
pa0, b0s ď ra1, b1s ď ¨ ¨ ¨ ď rak´1, bk´1s ď rak, bkq.
If we view the elements in (5) in this way, we will denote the internal category (or analogously the Segal
space) by Int.
Note that the identity gives an isomorphism of complete Segal spaces describing the change of interpre-
tation:
Intck ÝÑ Intk
pI0 ď ¨ ¨ ¨ ď Ikq ÞÝÑ pI˜0 ď ¨ ¨ ¨ ď I˜kq,
where I˜j “ Ij X pa0, bkq for j “ 0, . . . , k. Conversely, Ij “ clRpI˜jq, the closure of I˜j in R.
Definition 4.8. Let
Intn‚,...,‚ “ pInt‚q
ˆn.
We denote an element in Intnk1,...,kn by
I “ pa, bq “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďn.
Lemma 4.9. The n-fold simplicial space Intn‚,...,‚ is a complete n-fold Segal space. Moreover, the in-
clusion ˚ ãÑ Intn‚,...,‚ given by degeneracies, where ˚ is seen as a constant complete Segal space, is an
equivalence of complete n-fold Segal spaces.
Proof. The Segal condition and completeness follow from the Segal condition and completeness for Int‚.
Since every Intk is contractible by Lemma 4.5, pInt‚q
ˆn satisfies essential constancy, so Intn is a complete
n-fold Segal space. It also ensures that the given inclusion is a level-wise equivalence. 
4.4. The boxing maps. We will need the following maps for convenience later:
Definition 4.10. Fix k ě 0. The map of spaces
B : Intk ÝÑ Int0
I “ pI0 ď ¨ ¨ ¨ ď Ikq Ñ |∆
l|e ÞÝÑ BpIq “ Bpa, bq “ pa0, bkq Ñ |∆
l|e
is called the boxing map.
Its n-fold product gives, for every k1, . . . , kn ě 0, a map B : Int
n
k1,...,kn
Ñ Intn0 which sends an l-simplex
to the (family of) smallest open box(es) containing all intervals,
I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďn Ñ |∆
l|e ÞÝÑ BpIq “ Bpa, bq “ pa
1
0, b
1
k1
q ˆ ¨ ¨ ¨ ˆ pan0 , b
n
kn
q Ñ |∆l|e.
We will usually view the total space of BpIq Ñ |∆l|e as sitting inside R
n ˆ |∆l|e as
Ť
sP|∆l|e
BpIpsqq ˆ
tsu.
We will also require the following rescaling maps.
32
Definition 4.11. For an element I P Intnk1,...,kn , let ρpIq : BpIq Ñ p0, 1q
n be the restriction of the
product of the affine maps RÑ R sending ai0 to 0 and b
i
k to 1. We call it the box rescaling map.
4.5. A variant: closed intervals in p0, 1q. One might prefer to restrict to intervals which lie in p0, 1q,
modifying the definition to
Int
p0,1q
k “ tpa, bq “ pa0, . . . , ak, b0, . . . , bkq : aj ă bj for 0 ď j ď k, 0 “ a0 ď a1 ď ¨ ¨ ¨ ď ak
and b0 ď ¨ ¨ ¨ ď bk´1 ď bk “ 1u Ă Intk
The simplicial structure now has to be modified to ensure that the outer endpoints always are 0 and 1.
This is provided by composition with an affine rescaling map: Let g : rms Ñ rks be a morphism in ∆.
Then, let
Int
p0,1q
k
g˚
ÝÑ Intp0,1qm ,
pI0 ď ¨ ¨ ¨ ď Ikq Ñ |∆
l|e ÞÝÑ ρgpIgp0q ď ¨ ¨ ¨ ď Igpmqq Ñ |∆
l|e,
where the rescaling map ρg “ ρpIgp0q ď ¨ ¨ ¨ ď Igpmqq is the unique affine transformation RÑ R sending
agp0q to 0 and bgpmq to 1.
Lemma 4.12. Intp0,1q‚ is a complete Segal space.
Proof. The only thing which is not completely analogous to Intc is checking that it is a simplicial space.
Given two maps rms
g
Ñ rks
g˜
Ñ rps, and I0 ď ¨ ¨ ¨ ď Ip, the rescaling map ρg˜˝g and the composition of the
rescaling maps ρg˜ ˝ ρg both send ag˜˝gp0q to 0 and bg˜˝gpmq to 1 and, since affine transformations R Ñ R
are uniquely determined by the image of two points, this implies that they coincide. Thus, this gives a
functor ∆op Ñ Space . 
Note that the degeneracy maps are the same ones, given by repeating an interval. However, the face maps
need to modified: after deleting an end interval we have to rescale the remaining intervals linearly to
p0, 1q. Explicitly, for j “ 0, the rescaling map is the affine map ρ0 sending pa1, 1q to p0, 1q, ρ0pxq “
x´a1
1´a1
and for j “ k, it is the affine map ρk : p0, bk´1q Ñ p0, 1q, ρkpxq “
x
bk´1
. Then,
Int
p0,1q
k
dj
ÝÑ Int
p0,1q
k´1 ,
I0 ď ¨ ¨ ¨ ď Ik ÞÝÑ
$’&’%
I0 ď ¨ ¨ ¨ ď Iˆj ď ¨ ¨ ¨ ď Ik, j ‰ 0, k,
p0, b1´a1
1´a1
s ď ¨ ¨ ¨ ď rak´a1
1´a1
, 1q, j “ 0,
p0, b0
bk´1
s ď ¨ ¨ ¨ ď r
ak´1
bk´1
, 1q, j “ k.
Remark 4.13. An advantage of this “reduced” version is that the space of objects is just a point: for
k “ 0, the condition on the endpoints of the intervals becomes a0 “ 0 and b0 “ 1, so the only element is
p0, 1q P Int0. In particular, Int0 is discrete.
Remark 4.14. Note that the boxing maps applied to Int
p0,1q
k are trivial: for I “ I0 ď ¨ ¨ ¨ ď Ik, we
always have that BpIq “ p0, 1q. Moreover, Int
p0,1q
k is the preimage of p0, 1q under the boxing maps.
Finally, note that the simplicial structure is defined exactly as the composition
Int
p0,1q
k
ι
ÝÑ Intk
g˚
ÝÝÑ Intm
ρ
ÝÑ Intp0,1qm ,
where ρ : I ÞÑ pρpIqq pIq consists of applying the box rescaling maps. Moreover, since ρ ˝ ι “ id, the
diagram
Intk Int
p0,1q
k
Intm Int
p0,1q
m
ρ
g˚
ι
g˚
ρ
commutes and shows that the simplicial structure is defined exactly in a way to ensure that we a natural
transformation of simplicial spaces
ρ : Int ÝÑ Intp0,1q,
which is a weak equivalence of complete Segal spaces.
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5. The p8, nq-category of bordisms Bordn
In this section we define an n-fold Segal space PBordn in several steps. However, it will turn out not
to be complete in general. By applying the completion functor we obtain a complete n-fold Segal space,
the p8, nq-category of bordisms Bordn.
Let V be a finite-dimensional vector space. We first define the levels relative to V with elements being
certain submanifolds of the (finite-dimensional) vector space V ˆRn – V ˆB, where B is an open box,
i.e. a product of n bounded open intervals in R. Then we vary V , i.e. we take the limit over all finite-
dimensional vector spaces lying in some fixed infinite-dimensional vector space, e.g. R8. The idea behind
this process is that by Whitney’s embedding theorem, every manifold can be embedded in some large
enough vector space, so in the limit, we include representatives of every n-dimensional manifold. We use
V ˆB instead of V ˆ Rn as in this case the spatial structure is easier to write down explicitly.
5.1. The sets of 0-simplicies of pPBordVn qk1,...,kn. The intuition behind the following definition should
be the following. An element (i.e. 0-simplex) in the space pPBordVn q1,...,1 should be an n-fold bordism,
i.e. a manifold for which there are n “time” directions singled out and whose boundary is decomposed
into an incoming and an outgoing part in each of these time directions. This is a picture of a simple
example for n “ 2.
time 1
time 2
An element in the space pPBordVn qk1,...,kn should be an n-fold bordism, which is the composition of k1
bordisms in the first “time” direction, k2 bordisms in the second direction, and so on. This is a picture
of an example for n “ 2 and k1 “ k2 “ 2.
The pictures both depict the bordisms as embedded into R times the two time directions. We would
like to point out that the time directions have a preferred ordering, as we will discuss in more detail
later.
More generally, we will choose the bordisms to be equipped with an embedding into some finite dimen-
sional real vector space V times n time directions, which we single out to track where the bordism is
allowed to be cut into the individual composed bordisms. Furthermore, to keep track of the “cuts”, we
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need to remember the data of the grid in the time directions.
In practice, we will keep track of little intervals surrounding the grid instead of the grid itself. This should
be thought of as remembering little collars around the cuts rather than the cuts themselves.
We will explain how to recover the cuts and how to interpret the following definition in the example
and remark right after the definition. Moreover, we will relate it to more classical definitions of (higher)
bordisms in section 8.
For S Ď t1, . . . , nu denote the projection from Rn onto the coordinates indexed by S by πS : R
n Ñ RS .
We will now define the sets of 0-simplices of pPBordVn qk1,...,kn and denote them by pPBord
V
n qk1,...,kn to
avoid adding an extra index. This notation will only appear in this and the next subsection.
Definition 5.1. Let V be a finite-dimensional R-vector space, which we identify with some Rr. For every
n-tuple k1, . . . , kn ě 0, let pPBord
V
n qk1,...,kn be the collection of tuples pM, I “ pI
i
0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďnq,
satisfying the following conditions:
(1) For 1 ď i ď n,
pIi0 ď ¨ ¨ ¨ ď I
i
ki
q P Intki .
(2) M is a closed and bounded n-dimensional submanifold of V ˆ BpIq and the composition π :
M ãÑ V ˆBpIq։ BpIq is a proper map.12
(3) For every S Ď t1, . . . , nu, let pS : M
π
ÝÑ BpIq
πSÝÝÑ RS be the composition of π with the projection
πS onto the S-coordinates. Then for every 1 ď i ď n and 0 ď ji ď ki, at every x P p
´1
tiupI
i
ji
q, the
map pti,...,nu is submersive.
12Recall the boxing map from Section 4.4.
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Example 5.2. An example of an element in pPBordR1 q is depicted below. It represents a composition of
three 1-bordisms, the first one of which is “degenerate”, i.e. a trivial 1-bordism between two points.
b3
a0 b0
a1 b1
a2 b2
a3
t3t2t1t0
Remark 5.3. For k1, . . . , kn ě 0, one should think of an element in pPBord
V
n qk1,...,kn as a collection of
k1 ¨ ¨ ¨ kn composed bordisms, with ki composed bordisms with collars in the ith direction. They can be
understood as follows.
‚ Condition 3 in particular implies that for every 1 ď i ď n, at every x P p´1tiupI
i
jq, the map
ptiu is submersive. So if we choose t
i
j P I
i
j , it is a regular value of ptiu, and therefore p
´1
tiupt
i
jq
is an pn ´ 1q-dimensional manifold. The embedded manifold M should be thought of as a
composition of n-bordisms and p´1tiupt
i
jq is one of the pn´ 1q-bordisms (or a composition therof)
in the composition.
tij
‚ For any tn´1j P I
n´1
j and t
n´1
l P I
n´1
l , there is an inclusion of the preimages
p´1tn´1,nu
´
ptn´1j , t
n
l q
¯
Ă p´1tn´1upI
n´1
j q,
and by condition 3 the map ptn´1,nu is submersive there. Therefore p
´1
tn´1,nu
´
ptn´1j , t
n
l q
¯
is an
pn´ 2q-dimensional manifold, which should be thought of as one of the pn´ 2q-bordisms which
are connected by the composition of n-bordismsM . Moreover, again since ptn´1,nu is submersive
everywhere in p´1tn´1upI
n´1
j q, a variant of Ehresmann’s fibration theorem shows that the preimage
p´1tn´1upt
n´1
j q is a trivial fibration and thus a trivial pn´1q-bordism between the pn´2q-bordisms
it connects.
R
tn´1u
R
tnu
tn´1
j
‚ Similarly, for ptkjk , . . . , t
n
jn
q P Ikjk ˆ ¨ ¨ ¨ ˆ I
n
jn
, the preimage
p´1tk,...,nu
´
ptkjk , . . . , t
n
jn
q
¯
is a pk ´ 1q-dimensional manifold, which should be thought of as one of the pk ´ 1q-bordisms
which is connected by the composition of n-bordisms M .
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‚ Moreover, the following proposition shows that different choices of “cutting points” tij P I
i
j lead
to diffeomorphic bordisms. In the case when bij ă a
i
j`1 one should thus think of the n-bordisms
we compose as π´1p
śn
i“1rb
i
j , a
i
j`1sq, and the preimages of the specified intervals as collars of the
bordisms along which they are composed. Otherwise, one should think of that n-bordism in the
composition as being “degenerate”, i.e. of being a trivial n-bordism.
We will come back to this interpretation in Section 8 when we compute homotopy categories.
Proposition 5.4. Let pM, Iq P pPBordVn qk1,...,kn . Fix 1 ď i ď n and 0 ď j ď j
1 ď ki. Then for any
uij , v
i
j P I
i
j and u
i
j1 , v
i
j1 P I
i
j1 such that u
i
j ă u
i
j1 and v
i
j ă v
i
j1 there is a diffeomorphism
p´1tiupru
i
j , u
i
j1sq ÝÑ p
´1
tiuprv
i
j , v
i
j1 sq.
Proof. Since the map ptiu is submersive in I
i
j and I
i
j1 , we can apply the Morse lemma, which we recall
in 8.11, to ptiu twice to obtain diffeomorphisms
p´1tiupru
i
j , u
i
j1sq ÝÑ p
´1
tiuprv
i
j , u
i
j1sq ÝÑ p
´1
tiuprv
i
j , v
i
j1 sq.

Applying the proposition successively for i “ 1, . . . , n yields
Corollary 5.5. Let pM, Iq P pPBordVn qk1,...,kn and let B1, B2 Ď R
n be products of non-empty closed
bounded intervals with endpoints lying in the same specified intervals, i.e. B1 “
ś
iru
i
j, u
i
j1 s and B2 “ś
irv
i
j, v
i
j1 s, where 0 ď j ď j
1 ď ki and u
i
j, v
i
j P I
i
j and u
i
j1 , v
i
j1 P I
i
j1 such that u
i
j ă u
i
j1 and v
i
j ă v
i
j1 for
every 1 ď i ď n. Then there is a diffeomorphism
π´1pB1q ÝÑ π
´1pB2q.
5.2. The spaces pPBordnqk1...,kn. The level sets pPBord
V
n qk1,...,kn form the underlying sets of 0-simplices
of spaces which we construct in this subsection. Ultimately, we want the space to encode the diffeomor-
phisms of n-fold bordisms which are the composition of ki bordisms in the ith direction. More precisely,
it should be the disjoint union of classifying spaces thereof. It will only become apparent that the space
we define is the desired one in 8.2, in particular Proposition 8.17.
5.2.1. The topological space pPBordVn qk1,...,kn. We endow the set pPBord
V
n qk1,...,kn with the following
topology coming from modifications of the Whitney C8-topology on EmbpM,V ˆ p0, 1qnq.
In [Gal11], spelled out in more detail in [GRW10], a topology is constructed13 on the set of closed
(not necessarily compact) n-dimensional submanifolds M Ď V ˆ p0, 1qn, which we identify with the
quotient
SubpV ˆ p0, 1qnq
»
ÐÝ
ğ
rMs
EmbpM,V ˆ p0, 1qnq{DiffpMq,
where the coproduct is taken over diffeomorphism classes of n-manifolds. It is given by defining the
neighborhood basis at M to be
tN Ă V ˆ p0, 1qn : N XK “ jpMq XK, j PW u,
where K Ă V ˆ p0, 1qn is compact and W Ď EmbpM,V ˆ p0, 1qnq is a neighborhood of the inclusion
M ãÑ V ˆ p0, 1qn in the Whitney C8-topology. Thus we obtain a topology on
SubpV ˆ p0, 1qnq ˆ Intnk1,...,kn ,
where we view Intnk1,...,kn as a (topological) subspace of R
2k as in 4.1.
For an element I P Intnk1,...,kn , recall from Definition 4.11 the box rescaling map ρpIq : BpIq Ñ p0, 1q
n.
Then we identify an element pM, Iq P pPBordVn qk1,...,kn whose underlying submanifold is the image of an
embedding ι : M ãÑ V ˆBpIq with the element
`
rρpIq ˝ ιs, ρpIq
˘
in the above space. This identification
gives an inclusion
pPBordVn qk1,...,kn Ď SubpV ˆ p0, 1q
nq ˆ Intnk1,...,kn ,
which we use to topologize the left-hand side.
13[Gal11, GRW10] use the notation Ψ
`
V ˆ p0, 1qn
˘
“ SubpV ˆ p0, 1qnq.
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5.2.2. The space pPBordVn qk1,...,kn . To model the levels of the bordism category as spaces, i.e. as Kan
complexes, we can start with the above version as a topological space and take singular simplices of
this topological space. However, smooth maps from a smooth manifold X to SubpV ˆ p0, 1qnq as defined
in [GRW10, Definition 2.16, Lemma 2.17] are easier to handle. By Lemma 2.18 in the same paper,
every continuous map from a smooth manifold, in particular from |∆l|e, to pPBord
V
n qk1,...,kn can be
perturbed to a smooth one, so the homotopy type when considering smooth singular simplices does not
change.
We could directly define the space pPBordVn qk1,...,kn to be the smooth singular space of pPBord
V
n qk1,...,kn .
However, we will first give a very explicit description of it.
Definition 5.6. An l-simplex of pPBordVn qk1,...,kn consists of tuples pM, Ipsq “ pI
i
0psq ď ¨ ¨ ¨ ď I
i
ki
psqqsP|∆l|e
such that
(1) I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďn Ñ |∆
l|e is an l-simplex in Int
n
k1,...,kn
,
(2) M is a closed and bounded pn`lq-dimensional submanifold of V ˆBpIpsqqsP|∆l|e Ă V ˆR
nˆ|∆l|e
such that14
(a) the composition π : M ãÑ V ˆ BpIpsqqsP|∆l|e ։ BpIpsqqsP|∆l|e of the inclusion with the
projection is proper,
(b) its composition with the projection onto |∆l|e is a submersion M Ñ |∆
l|e which is trivial
outside |∆l| Ă |∆l|e, and
(3) for every S Ď t1, . . . , nu, let pS : M
π
ÝÑ BpIpsqqsP|∆l|e Ă R
n ˆ |∆l|e
πSÝÝÑ RS ˆ |∆l|e be the
composition of π with the projection πS onto the S-coordinates. Then for every 1 ď i ď n and
0 ď ji ď ki, at every x P p
´1
tiup
Ť
sP|∆l|e
Iijipsq ˆ tsuq, the map pti,...,nu is submersive.
From the Definition of smooth map in [GRW10, Definition 2.16, Lemma 2.17] we immediately get:
Lemma 5.7. An l-simplex of pPBordVn qk1,...,kn is exactly a smooth l-simplex of pPBord
V
n qk1,...,kn .
Remark 5.8. Note that for l “ 0 we recover Definition 5.1. Moreover, for every s P |∆l|e the fiber Ms
of M Ñ |∆l|e determines an element in pPBord
V
n qk1,...,kn
pMsq “ pMs Ă V ˆBpIpsqq, Ipsqq.
We will use the notation πs :Ms Ñ BpIpsqq for the composition of the embedding and the projection.
Remark 5.9. The conditions (2a), (2b), and (3) imply that M Ñ |∆l|e is a smooth fiber bundle, and,
since |∆l|e is contractible, even a trivial fiber bundle. The proof is a more elaborate version of the
argument after Definition 2.6 in [GTMW09].
We now use the simplicial maps of the space Intnk1,...,kn to explain those of pPBord
V
n qk1,...,kn .
Definition 5.10. Fix k ě 0 and let f : rms Ñ rls be a morphism in the simplex category ∆, i.e. a
(weakly) order-preserving map. Then let |f | : |∆m|e Ñ |∆
l|e be the induced map between standard
simplices.
Let f∆ be the map sending an l-simplex in pPBordVn qk1,...,kn to the m-simplex which consists of
(1) for 1 ď i ď n, the m-simplex in Intki obtained by applying f
∆,
f∆
´
pIi0psq ď ¨ ¨ ¨ ď I
i
ki
psqqsP|∆l|e
¯
“
`
I0p|f |psqq ď . . . ď Ikp|f |psq
˘
sP|∆m|e
;
(2) The pn `mq-dimensional submanifold f∆M Ď V ˆ BpIpsqqsP|∆m|e obtained by the pullback of
M Ñ |∆l|e along |f |. Note that its fiber at s P |∆
m|e is pf
∆Mqs “M|f |psq and
f∆M “
ď
sP|∆m|e
M|f |psq ˆ tsu.
14Recall that we view the total space of BpIq Ñ |∆l|e as sitting inside Rn ˆ |∆l|e as
Ť
sP|∆l|e
BpIpsqq ˆ tsu.
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The above assignment is indeed well-defined since the underlying assignment for the underlying intervals
is well-defined and since the map |f | is a submersion, the pullback of M Ñ |∆l|e along |f | is also
a submersion. Moreover, the assignment is functorial, since pullback commutes contravariantly with
composition, and thus pPBordVn qk1,...,kn is a simplicial set.
Proposition 5.11. pPBordVn qk1,...,kn is the smooth singular space of pPBord
V
n qk1,...,kn . In particular, it
is a space.
Proof. By definition the simplicial maps f∆ are induced precisely by the maps |f | : |∆m|e Ñ |∆
l|e. 
Notation 5.12. We denote the spatial face and degeneracy maps of pPBordVn qk1,...,kn by d
∆
j and s
∆
j
for 0 ď j ď l.
Example 5.13. We now construct an example of a path. It shows that cutting off part of the collar of
a bordism yields an element which is connected to the original one by a path.
Let pMq “ pM, I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
qi“1,...,nq P pPBord
V
n qk1,...,kn and fix 1 ď i ď n. We show that cutting
off a short enough piece in the ith direction at an end of an element of pPBordVn qk1,...,kn leads to an
element which is connected by a path to the original one. Fix 1 ď i ď n and let ε ă bi0 ´ a
i
0.
Choose a smooth, increasing, bijective function r0, 1s Ñ r0, εs, s ÞÑ εpsq with vanishing derivative at the
endpoints.
For 0 ď j ď ki and s P r0, 1s Ă |∆
1|e let
Iijpsq “ pa
i
0 ` εpsq, b
i
ki
q X Iij ,
and then BpIpsqq “ pai0 ` εpsq, b
i
ki
q Ă BpIq. For s ď 0 and s ě 1 let the family be constant. Then let
Mpεq be the preimage of the subset
Ť
sP|∆1|e
BpIpsqqˆ tsu Ď BpIqˆ |∆1|e of M ˆ |∆
1|e Ñ BpIqˆ |∆
1|e,
i.e. the submanifold
Mpεq M ˆ |∆1|e
Ť
sP|∆1|e
BpIpsqq ˆ tsu BpIq ˆ |∆1|e
Then pMpεq, Ipsqq is a 1-simplex in pPBordVn qk1,...,kn with fibers Mpεqs “ p
´1
tiu
`
pai0 ` εpsq, b
i
kq
˘
.
Remark 5.14. In the above example we constructed a path from an element in pPBordVn qk1,...,kn to its
cutoff, where we cut off the preimage of p´1i ppa
i
0, εsq for suitably small ε. Note that the same argument
holds for cutting off the preimage of p´1i prb
i
ki
´ δ, bikiqq for suitably small δ. Moreover, we can iterate the
process and cut off εi, δi strips in all i directions. Choosing εi “
bi
0
´ai
0
2
, δi “
biki
´aiki
2
yields a path to its
cutoff with underlying submanifold
cutpMq “ π´1
´ nź
i“1
p
ai0 ` b
i
0
2
,
aiki ` b
i
ki
2
q
¯
.
5.3. The n-fold simplicial space pPBordnq‚,¨¨¨ ,‚. We make the collection of spaces pPBord
V
n q‚,...,‚
into an n-fold simplicial space by lifting the simplicial structure of Intˆn‚,...,‚. We first need to extend the
assignment
prk1s, . . . , rknsq ÞÝÑ pPBord
V
n qk1,...,kn
to a functor from p∆opqn.
Definition 5.15. For every 1 ď i ď n, let gi : rmis Ñ rkis be a morphism in ∆, and denote by g “ pgiqi
their product in ∆n. Then
pPBordVn qk1,...,kn
g˚
ÝÑ pPBordVn qm1,...,mn .
applies g˚i to the ith tuple of intervals and perhaps cuts the manifold. Explicitly, on l-simplices, g
˚ sends
an element
pM Ă V ˆBpIpsqqsP|∆l|e , Ipsq “ pI
i
0psq ď ¨ ¨ ¨ ď I
i
ki
psqqni“1q
to `
g˚M “ π´1
`
Bpg˚IpsqqsP|∆l|eq
˘
Ă V ˆBpIpsqqsP|∆l|e , g
˚pIqpsq “ pIigp0qpsq ď ¨ ¨ ¨ ď I
i
gpmiq
psqqni“1q
˘
,
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where π : M Ă V ˆBpIpsqqsP|∆l|e ։ BpIpsqqsP|∆l|e . Note that pg
˚Mqs “ g
˚Ms.
Note that as the manifold g˚M is the preimage of the new box, we just cut off the part of the manifold
outside the new box. This is functorial, as it is functorial on the intervals, and, if g˜i : rkis Ñ rk˜is and
g˜ “ pg˜iqi, the following diagram commutes by construction:
M g˚M g˜˚g˚M
BpIpsqqsP|∆l|e Bpg
˚pIpsqqsP|∆l|e Bpg˜
˚g˚pIpsqqsP|∆l|e
π
Ě
π
Ě
π
Ě Ě
Notation 5.16. We denote the (simplicial) face and degeneracy maps by dij : pPBord
V
n qk1,...,kn Ñ
pPBordVn qk1,...,ki´1,...,kn and s
i
j : pPBord
V
n qk1,...,kn Ñ pPBord
V
n qk1,...,ki`1,...,kn for 0 ď j ď ki.
Notation 5.17. Recall from remark 5.3 that for k1, . . . , kn ě 0, one should think a 0-simplex in
pPBordVn qk1,...,kn as a collection of k1 ¨ ¨ ¨ kn composed bordisms with ki composed bordisms with col-
lars in the ith direction. These composed collared bordisms are the images under the maps
Dpj1, . . . , jkq : pPBord
V
n qk1,...,kn ÝÑ pPBord
V
n q1,...,1
for p1 ď ji ď kiq1ďiďn arising as compositions of inert face maps, i.e. Dpj1, . . . , jkq is the map determined
by the maps
dpjiq : r1s Ñ rkis, p0 ă 1q ÞÑ pji ´ 1 ă jiq
in the category ∆. This should be thought of as sending an element to the pj1, . . . , jkq-th collared bordism
in the composition. Moreover, we will later use the notation
Dipjiq : pPBord
V
n qk1,...,kn ÝÑ pPBord
V
n qk1,...,1,...,kn
for the maps induced by just dpjiq. By abuse of notation, we will denote the submanifold dpjiq
˚M by
DipjiqpMq.
Proposition 5.18. The spatial and simplicial structures of pPBordVn q‚,...,‚ are compatible, i.e. for f :
rls Ñ rps, gi : rmis Ñ rkis for 1 ď i ď n, the induced maps
f∆ and g˚
commute. We thus obtain an n-fold simplicial space pPBordVn q‚,¨¨¨ ,‚.
Proof. Since Intn is a simplicial space, it is enough to show that the maps commute on the manifold
part, i.e.
g˚f∆M “ f∆g˚M.
This follows from the commuting of the following diagram, in which all sides arise from taking preimages.
The preimages are taken over Bpg˚IpsqqsP|∆m|e Ă BpIpsqqsP|∆m|e and |f | : |∆
m|e Ñ |∆
l|e, respectively,
which affect different components of V ˆ
Ť
sP|∆m|e
pBpIpsqq ˆ tsuq Ă V ˆRn ˆ |∆m|e, so they commute.
V ˆBpIpsqqsP|∆m|e V ˆBpg
˚IpsqqsP|∆m|e
f∆M g˚f∆M “ f∆g˚M
V ˆBpIpsqqsP|∆l|e V ˆBpg
˚IpsqqsP|∆l|e
M g˚M
idˆ|f | idˆ|f |

5.4. The complete n-fold Segal space Bordn. We will now prove that PBord
V
n leads to an p8, nq-
category, i.e. a complete n-fold Segal space of bordisms.
Proposition 5.19. pPBordVn q‚,...,‚ is an n-fold Segal space.
Proof. We need to prove that the Segal condition is satisfied and globularity.
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The Segal condition is satisfied. Fix fixed k1, . . . , kn ě 0. We need to show that for every 1 ď i ď n,
and ki “ m` l, the Segal map
γm,l : pPBord
V
n qk1,...,ki,...,kn ÝÑ pPBord
V
n qk1,...,m,...,kn
h
ˆ
pPBordVn qk1,...,0,...,kn
pPBordVn qk1,...,l,...,kn
is a weak equivalence. From now on we will often omit writing out the indices for α ‰ i for clarity.
Since every level set pPBordVn qk1,...,kn is a Kan complex by proposition 5.11, i.e. fibrant, the homotopy
fiber product on the right hand side can be chosen to be the space of triples consisting of two points and
a path between their target and source, respectively.
Note that an element in this space is given by a triple consisting of
pM, Iq “ pι :M Ă V ˆBpIq, I “
´
Ii0 ď ¨ ¨ ¨ ď I
i
m, I
j
0 ď ¨ ¨ ¨ ď I
j
kj
¯
1ďjďn,j‰i
q,
pN, Jq “ pκ : N Ă V ˆBpJq, J “
´
J i0 ď ¨ ¨ ¨ ď J
i
l , J
j
0 ď ¨ ¨ ¨ ď J
j
kj
¯
1ďjďn,j‰i
q,
together with a path h from the target DipmqpM, Iq “
´
DipmqpMq, Iim, pI
j
0 ď ¨ ¨ ¨ ď I
j
kj
q1ďjďn,j‰i
¯
of
pM, Iq in the ith direction to the source Dip1qpN, Jq “
´
Dip1qpNq, J i0, pJ
j
0 ď ¨ ¨ ¨ ď J
j
kj
q1ďjďn,j‰i
¯
of
pN, Jq in the ith direction (using Notation 5.17).
The Segal map γm,l factors as a composition
pPBordVn qki pPBord
V
n qm
h
ˆ
pPBordVn q0
pPBordVn ql
pPBordVn q
m,l Pm,lki ,
γm,l
(6)
as follows: Informally, the lower right hand corner is the subspace of triples for which, for the directions
besides the ith, the tuples of intervals agree and the path of intervals is constant. The lower left hand
corner is the subspace thereof, for which in addition in the ith direction Iim “ J
i
0, and along the path
this interval stays constant. We will define these spaces below. Our strategy to prove that γm,l is a
weak equivalence is to show that all three maps are weak equivalences. Here the left vertical map is the
main step of the proof – this is where “composing” the bordisms happens, as we will see below. That
the bottom and right vertical map are weak equivalences follows from a rescaling procedure. Let us first
define the two spaces in question.
For the lower right hand corner, for 1 ď j ď n and j ‰ i, consider the jth forgetful map
PBordVn ÝÑ Int, pM, Iq ÞÝÑ I
j .
The canonical maps from the pullback to the homotopy pullback Int‚ – Int‚ ˆ
Int‚
Int‚ Ñ Int‚
h
ˆ
Int‚
Int‚
(which is a weak equivalence since a deformation retract is straightforward to write down and rescales
the second tuple of intervals) for varying j induce a (strict) pullback square
pPBordVn q‚,...,‚,m,‚,...,‚
h
ˆ
pPBordVn q‚,...,‚,0,‚,...,‚
pPBordVn q‚,...,‚,l,‚,...,‚ Int
ˆpn´1q
‚,...,‚
h
ˆ
Int
ˆpn´1q
‚,...,‚
Intˆpn´1q‚,...,‚
P
m,l
‚,...,‚ Int
ˆpn´1q
‚,...,‚ .
»
The strict pullback of this diagram consists of exactly those pairs whose jth tuples of intervals agree for
every j ‰ i, and is constant along the path (but the embedded manifold can still vary).15
15Note that since the right vertical map is a weak equivalence, if the diagram were also a homotopy pullback diagram,
we would immediately see that the left vertical map is a weak equivalence as well. However, neither map in the diagram
is a fibration (or not even a “sharp map” a` la Rezk [Rez98]), so we need to find a different strategy.
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For the lower left hand corner, consider the canonical map Intm ˆ
Int0
Intl Ñ Intm
h
ˆ
Int0
Intl (which is a weak
equivalence since both sides are contractible). Now form the (strict) pullback
P
m,l
‚,...,‚ Intm
h
ˆ
Int0
Intl
pPBordVn q
m,l
‚,...,‚ Intm ˆ
Int0
Intl.
»
It consists of exactly those pairs whose jth tuples of intervals agree for every j ‰ i and is constant along
the path (but the embedded manifold can still vary), and, in addition, in the ith direction, the last
interval of the first element is the first interval of the second element.16
The left vertical map in (6) is a weak equivalence: We first fix once and for all a “smoothed diagonal”
D Ă r0, 1s2: it is the graph of a map ς : r0, 1s Ñ r0, 1s, which has vanishing derivative in r0, 1
3
s and r 2
3
, 1s
(we could also chose fixed shorter intervals) and is bijective with smooth inverse in r 1
3
, 2
3
s, for example
1
3
2
3
D
We will use this to define a deformation retract of γm,l which we suggestively call glue. The homotopy
exhibiting the deformation retract will use the following two modified functions for τ P r0, 1s. Let
ςsτ “ τ ¨ ς and ς
t
τ “ 1` τ ¨ pς ´ 1q.
Then for τ “ 1 we have that ς “ ςs1 “ ς
t
1, and for τ “ 0 we have ς
s
0 “ 0 and ς
t
0 “ 1. Moreover, for every
τ , both ςsτ and ς
t
τ are smooth and bijective onto its image. These give “flatter” diagonals Ds,τ and Dt,τ .
1
3
2
3
Ds,τ
Dt,τ
τ “ 1
3
1
3
2
3
Ds,τ
Dt,τ
τ “ 2
3
Recall from above that an element in pPBordVn q
m,l
‚,...,‚ is given by a pair pM, Iq and pN, Jq and a path h
from the target of the former to the source of the latter, along which the interval is constant. We will
use this path h to glue the embedded manifolds M and N . A similar argument works for l-simplices in
pPBordVn q
m,l
‚,...,‚.
The 1-simplex h by definition is a submanifold P of17 V ˆ pc, bq ˆ |∆1|e such that the composition with
the projection πtiu : P Ñ pc, bq ˆ |∆
1|e is a submersion. We rescale the fixed smoothed diagonal D
linearly to obtain a smooth diagonal Dc,b in pc, bq ˆ |∆1|e.
Consider the preimage Pdiag of πtiu of D
c,b. Since the projection πtiu : P Ñ pc, bq ˆ |∆
1|e is submersive,
a Morse lemma style argument shows that this preimage Pdiag is diffeomorphic to both DpmqpMq and
16Again, the right vertical map is a weak equivalence, and it would be more convenient to take the homotopy pullback.
However, the same problem appears as in the previous situation.
17Actually, of V ˆ pc, bq ˆBppIj
0
ď ¨ ¨ ¨ ď Ij
kj
q1ďjďn,j‰iq ˆ |∆1|e.
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Dp1qpNq. Thus we glue the manifolds M and N over Pdiag to obtain M YPdiag N . We realize it as a
submanifold of V ˆ Rˆ pa, dq by using
‚ M –M ˆ t0u Ă V ˆ t0u ˆ pa, bq Ă V ˆ Rˆ pa, dq,
‚ N – N ˆ t1u Ă V ˆ t1u ˆ pc, dq Ă V ˆ Rˆ pa, dq,
and, using the coordinate in |∆1|e – R,
‚ Pdiag Ă V ˆ Rˆ pc, bq Ă V ˆ Rˆ pa, dq.
However, note that the extra copy of R introduced above is not necessary: let
D¯ “ pt0u ˆ pa, csq YDc,b Y pt1u ˆ rb, dqq Ă Rˆ pa, dq.
Then the projection onto the second coordinate induces a diffeomorphism D¯ – pa, dq. Thus, composing
the embedding of the submanifold into V ˆ R ˆ pa, dq with the projection onto V ˆ pa, dq still is an
embedding:
M YPdiag N ãÑ V ˆ pa, dq.
The same construction works for l-simplices: the same argument goes through with pM, Iq and pN, Jq
now being l-simplices, and thus submanifolds of V ˆ pa, bq ˆ |∆l|e and V ˆ pc, dq ˆ |∆
l|e, respectively,
and P a submanifold of V ˆ pc, bq ˆ |∆l`1|e. Moreover, since the shape D was chosen once and for all,
this construction commutes with the spatial structure and indeed gives a map of spaces
glue : pPBordVn q
m,l
‚,...,‚ ÝÑ pPBord
V
n q‚,...,‚,ki,‚,...,‚.
We claim that this is a deformation retract of γm,l: Indeed, glue ˝ γm,l is the identity, since the path
between the source and target in the image of γm,l is constant. As for the other composition γm,l ˝ glue,
this sends a pair of elements (or l-simplices) pM, Iq and pN, Jq together with a path h from the target to
the source to a pair pM˜, Iq and pN˜ , Jq which is not the original one (In fact, the latter pair has a constant
path h˜). However, there is a homotopy from γm,l ˝ glue to the identity as follows: for τ P r0, 1s, send
pM, Iq, pN, Jq, h to the the following pair: modify the above construction by using Ds,τ and Dt,τ instead
to obtain P s,τdiag and P
t,τ
diag. Now one can glue M with P
s,τ
diag and N with P
t,τ
diag and embed each as above
to obtain pMτ , Iq and pNτ , Jq. A path hτ between their target and source is given by the restriction of
P to (i.e. the preimage of) the part between Ds,τ and Dt,τ . For τ “ 0 this is the identity map, and for
τ “ 1, this is exactly γm,l ˝ glue.
“Rescaling” – the bottom and right vertical maps in (6) are weak equivalences: Both maps are part of a
deformation retraction. Let us describe the right vertical map first.
The idea of “rescaling” is illustrated in the following picture for n “ 2, i “ 1, l “ m “ 1, and k2 “ 2.
Note that we just depict the cutting lines, not the intervals around them. The rescaling is performed on
the right hand piece.
ù
The deformation retract is given as follows: we observed above that the canonical map
Int‚ – Int‚ ˆ
Int‚
Int‚ ÝÑ Int‚
h
ˆ
Int‚
Int‚
level-wise has a deformation retraction. We will lift this to the desired deformation retraction.
An element (or l-simplex) in the right hand side is given by a triple pI, J, hq, where h is a 1-simplex
(or pl ` 1q-simplex) from I to J , which we denote by I Ñ |∆1|e. The later determines a family of
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diffeomorphismsBpJq Ñ BpIpsqq and we send a triple
`
pM, Iq, pN, Jq, h
˘
to a triple
`
pM, Iq, pNs, Jsq, hs
˘
,
where pNs, Jsq is given by the composition
N Ă V ˆBpJq Ñ V ˆBpIpsqq.
We need the family of diffeomorphisms to have the following property: if for every s P rs, 1s, the
cardinality |Ijpsq X Ij`1psq| is 0 or 1, then bjp1q ÞÑ bjpsq and aj`1p1q ÞÑ aj`1psq. Such maps are easily
defined in a piece-wise linear way. However, we need them to be diffeomorphisms and vary smoothly in
the parameter s, which requires smoothing. One explicit way of doing this smoothing uses flows along
vector fields as in the proof of 1. in Theorem 8.15.
As for the horizontal map, the rescaling in the ith direction, let BpIiq “ pa, bq and aij and b
i
j the left and
right endpoints of Iij ; and BpJ
iq “ pc, dq and cij and d
i
j the left and right endpoints of J
i
j . Similarly to
above, by rescaling pN, Jq, we can assume that we have rescaled the embeddings and intervals such that
Iim “ J
i
0 “ pa
i
m, bq “ pc, d
i
0q, and along the path this interval stays constant. This assumption implies
the the intervals can be “glued” (or rather, concatenated) to obtain an element in Intki .
dai
0
“ a bi
0
. . .
aim “ c b
i
m “ b
. . .
cil
Similarly to above, this can be implemented using a deformation retraction of Intm ˆ
Int0
Intl Ñ Intm
h
ˆ
Int0
Intl,
which is lifted to one of the inclusion.
For every i and every k1, . . . , ki´1, the pn ´ iq-fold Segal space pPBord
V
n qk1,...,ki´1,0,‚,¨¨¨ ,‚ is es-
sentially constant. We show that the degeneracy inclusion map
pPBordVn qk1,...,ki´1,0,0,...,0 ãÝÑ pPBord
V
n qk1,...,ki´1,0,ki`1,...,kn
admits a deformation retraction and thus is a weak equivalence.
Consider the assignment sending a pair consisting of t P r0, 1s and an l-simplex´
M Ă V ˆBpIpsqq,
`
pIβpsqq1ďβăi, pa
i
0psq, b
i
0psqq, pI
αpsqqiăαďn
˘
sP|∆l|e
¯
,
in pPBordVn qk1,...,ki´1,0,ki`1,...,kn to´
M Ă V ˆBpIpsqq,
`
pIβpsqq1ďβăi, pa
i
0psq, b
i
0psqq, pI
αps, tqqiăαďn
˘
ps,tqP|∆l|eˆr0,1s
¯
,
where for α ą i and every 0 ď j ď kα,
aαj ps, tq “ p1´ εptqqa
α
j psq ` εptqa
α
0 psq,
bαj ps, tq “ p1´ εptqqb
α
j psq ` εptqb
α
kα
psq.
for a smooth, increasing, bijective ε : r0, 1s Ñ r0, 1s with vanishing derivative at the endpoints. This
is a homotopy H : r0, 1s ˆ pPBordVn qk1,...,ki´1,0,ki`1,...,kn Ñ pPBord
V
n qk1,...,ki´1,0,ki`1,...,kn exhibiting the
deformation retract18. Note that BpIps, tqq “ BpIpsqq for every t P r0, 1s. Moreover, for t “ 0 we have
that Iαj ps, 0q “ I
α
j psq and the l-simplex is sent to itself. For t “ 1 we have I
α
j ps, 1q “ pa
α
0 psq, b
α
kα
psqq, so
the image lies in pPBordVn qk1,...,ki´1,0,0,...,0.
It suffices to check that for every t P r0, 1s the image indeed is an l-simplex in pPBordVn qk1,...,ki´1,0,ki`1,...,kn .
Since pM, Ipsqq P pPBordVn qk1,...,ki´1,0,ki`1,...,kn , this reduces to checking
For every i ă α ď n and 0 ď j ď kα, at every x P p
´1
tαupI
α
j ps, tqsP|∆l|eq, the map ptα,...,nu
is submersive.
Since in the ith direction we only have one interval, we have that p´1tiuppa
i
0psq, b
i
0psqqsP|∆l|eq “ M , so in
particular, p´1tiuppa
i
0psq, b
i
0psqqsP|∆l|eq Ą p
´1
tαupI
α
j ps, tqsP|∆l|eq. Therefore, condition (3) in 5.6 on pMq for i
implies, that pti,...,nu is a submersion in p
´1
tiuppa
i
0psq, b
i
0psqqsP|∆l|eq “M Ą p
´1
tαupI
α
j ps, tqsP|∆l|eq, so ptα,...,nu
is submersive there as well. 
18To be precise, we take t P |∆1|e and extend the assignment so that it is constant outside r0, 1s.
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Remark 5.20. It is much easier to see that the “strict” Segal condition also holds, i.e. that
pPBordVn qk1,...,ki`k1i,...,kn
„
ÝÑ pPBordVn qk1,...,ki,...,kn ˆ
pPBordVn qk1,...,0,...,kn
pPBordVn qk1,...,k1i,...,kn .
An element in the right hand side is a pair of submanifolds M Ă V ˆ pa0, bkiq and N Ă V ˆ pa˜0, b˜k1iq
which coincide on the intersection V ˆpaki , bkiq together with intervals I0 ď ¨ ¨ ¨ ď Iki and I˜0 ď ¨ ¨ ¨ ď I˜k1i
such that Iki “ I˜0. So we can glue them together to form a submanifold M Y N Ă V ˆ pa0, b˜k1iq, and
concatenate the intervals I0 ď ¨ ¨ ¨ ď Iki ď I˜1 ď ¨ ¨ ¨ ď I˜k1i . Thus the above strict Segal map even is a
homeomorphism.
b˜
k1
ia0 b0 a1 b1 . . . a˜0 b˜0 a˜1 b˜1 a˜2 b˜2 . . .
a˜
k1
i
M NM XN
Note that this construction also extends to l-simplices: we glue submanifolds of V ˆpa0psq, bkipsqqsP|∆l|e
and V ˆ pa˜0psq, b˜k1
i
psqqsP|∆l|e to form one of V ˆ pa0psq, b˜k1ipsqqsP|∆l|e .
Remark 5.21. It can be checked that the maps pPBordVn qk1,...,ki,...,kn Ñ pPBord
V
n qk1,...,0,...,kn are not
fibrations unless k1 “ ¨ ¨ ¨ “ kn “ 0. If this were true, this together with the previous Remark would have
simplified the proof of the previous Proposition. However, we can still conclude that PBordVn fits into
a stricter model for p8, nq-categories; for n “ 1, it is a fibrant object in the model category of internal
objects from [Hor15] and 1.5.3 (even though it is not strongly Segal). For n ą 1, it is a fibrant object
in the model category of internal n-uple categories from [CH15] and 2.1, although it seems not to be a
fibrant internal n-fold category, since the identities are not strict.
So far the definition of PBordVn depended on the choice of the vector space V . However, in the bordism
category we would like to consider all (not necessarily compact) n-dimensional manifolds. By Whitney’s
embedding theorem any such manifold can be embedded into some finite-dimensional vector space V , so
we need to allow big enough vector spaces.
Definition 5.22. Fix some countably infinite-dimensional vector space19, e.g. R8. Then we define
PBordn to be the homotopy colimit of n-fold Segal spaces
20
PBordn “ limÝÑ
VĂR8
PBordVn “ hocolimVĂR8 PBord
V
n .
Remark 5.23. If the vector space V is r-dimensional, the n-fold Segal space PBordVn is also interesting
in its own right. It describes codimension r tangles, see also [Lur09c, Section 4.4]. For example, if n “ 1
and r “ 2, we obtain a Segal space of 1-dimensional tangles in R3. We will elaborate on this more in
the next section. Moreover, we have not used that V is a vector space. Instead, one could take V to be
some fixed manifold (as in e.g. [GRW10]). This requires some extra care which we will not pursue here.
The last condition necessary to be a good model for the p8, nq-category of bordisms is completeness,
which PBordn in general does not satisfy. However, we can pass to its completion Bordn.
Definition 5.24. The p8, nq-category of bordisms Bordn is the n-fold completion {PBordn of PBordn,
which is a complete n-fold Segal space.
Remark 5.25. For n ě 6, PBordn is not complete, see the full explanation in [Lur09c], 2.2.8. For n “ 1
and n “ 2, by the classification theorems of one- and two-dimensional manifolds, PBordn is complete,
and therefore Bordn “ PBordn.
19Note that the definition does not depend on the choice of the countably infinite-dimensional vector space; any such
is the colimit over all finite dimensional vector spaces.
20Note that the identity map from the model category of n-fold simplicial spaces to the model category of n-fold Segal
spaces is a left adjoint (since it is a localization) and therefore preserves homotopy colimits. Thus, the homotopy colimit
can be computed in n-fold simplicial spaces.
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6. Variants of Bordn and comparison with Lurie’s definition
6.1. The p8, dq-category of n-bordisms and tangles for any d ě 0. For d ě 0 we define a d-
fold Segal space whose top, i.e. d-morphisms are n-dimensional bordisms. For d ă n this amounts to
extending the category of n-dimensional bordisms only down to pn´ dq-dimensional objects.
Definition 6.1. Let V be a finite-dimensional R-vector space, which we identify with some Rr. Let
n ě 0, d “ n ` l ě 0. For every d-tuple k1, . . . , kd ě 0, we let pPBord
l,V
n qk1,...,kd be the collection of
tuples pM, I “ pIi0 ď . . . ď I
i
ki
q1ďiďdq satisfying conditions analogous to (1)-(3) in Definition 5.1, i.e.
(1) For 1 ď i ď d,
pIi0 ď ¨ ¨ ¨ ď I
i
ki
q P Intki .
(2) M is a closed and bounded n-dimensional submanifold of V ˆ BpIq and the composition π :
M ãÑ V ˆBpIq։ BpIq is a proper map.
(3) For every S Ď t1, . . . , du, let pS :M
π
ÝÑ BpIq
πSÝÝÑ RS be the composition of π with the projection
πS onto the S-coordinates. Then for every 1 ď i ď d and 0 ď ji ď ki, at every x P p
´1
tiupI
i
ji
q, the
map pti,...,du is submersive.
We make pPBordl,Vn qk1,...,kd into a space similarly to pPBord
V
n qk1,...,kn .
Proposition 6.2. pPBordl,Vn q‚,¨¨¨ ,‚ is a d “ pn` lq-fold Segal space.
Proof. The proof is completely analogous to the proof of Proposition 5.19. 
Again we take the homotopy colimit of n-fold Segal spaces, i.e. in the model category sSpaceSe
n,f
over all
finite-dimensional vector spaces in a given infinite-dimensional vector space, say R8:
PBordln “ colimVĂR8 PBord
l,V
n .
Definition 6.3. For l ď 0 let d “ n` l ď n and let Bordln, which we will also denote by Bord
p8,dq
n , be
the d-fold completion of PBordln, the p8, dq-category of n-bordisms.
Notation 6.4. For l ď 0 let d “ n ` l ď n and let Bordp8,dq,Vn be the d-fold completion of PBord
l,V
n .
If V is r-dimensional and l “ 0, this is the unframed version of what Lurie calls the p8, nq-category of
n-tangles TangVn,n`r in [Lur09c].
Remark 6.5. For l ą 0, the underlying submanifold of objects of PBordln, i.e. elements in pPBord
l
nq0,...,0,
are n-dimensional manifoldsM which have a submersion onto Rn`l. This implies thatM “ H. Thus, the
only objects are pH, I10 , . . . , I
n`l
0 q and pPBord
l
nq0,...,0 – Int
n
0,...,0 » ˚. Similarly, pPBord
l
nq0,k2,...,kn`l –
Intn0,k2,...,kn`l » ˚. Thus, pPBord
l
nq0,‚,...,‚ is equivalent to the point viewed as a constant pn ´ 1q-fold
Segal space. Similarly, pPBordlnq1,...,1,0,‚,...,‚, with pl ´ 1q 1’s, is equivalent to the point viewed as a
constant pn´ lq-fold Segal space. These will appear again later in section 7.2.
6.2. Unbounded submanifolds, p0, 1q as a parameter space, and cutting points.
6.2.1. Unbounded submanifolds. We could have omitted the condition that M be bounded in con-
dition (2) in Definitions 5.1 and 5.6, requiring it only to be closed. This modification leads to an n-fold
simplicial space PBordunbn together with a level-wise inclusion
PBordn ãÝÑ PBord
unb
n .
Recall from 5.14 that for every element in pPBordnqk1,...,kn , we constructed a path to its cutoff. There
is a similar cutoff path for every element in pPBordunbn qk1,...,kn to an element whose underlying subman-
ifold
cutpMq “ π´1
´ nź
i“1
p
bi0
2
,
aiki
2
q
¯
is bounded in the V -direction. Moreover, this construction extends to l-simplices. Altogether, it shows
that the inclusion is a level-wise equivalence of n-fold simplicial spaces. Finally, since PBordn is an n-fold
Segal space, PBordunbn is as well.
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6.2.2. Restricting the boxing to p0, 1qn. Instead of basing PBordn and PBord
l
n on Int, we could
instead use Intp0,1q from Section 4.5. This approach leads to pn` lq-fold Segal spaces PBordl,p0,1qn using
the box rescaling maps ρpIq : BpIq Ñ p0, 1qn`l and the functor ρ from Definition 4.11 and Remark 4.14.
It fits exactly into a commuting diagram
PBordln PBord
l,p0,1q
n
Intn`l pIntp0,1qqˆpn`lq
ρ
ρ
where the vertical maps are the forgetful maps. Any simplex`
M Ă V ˆBpIq, I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďn`l
˘
is sent to ˆ
M Ă V ˆBpIq
ρpIq
ÝÝÑ V ˆ p0, 1qn`l,
`
ρpIqpIi0q ď ¨ ¨ ¨ ď ρpIqpI
i
ki
q
˘
1ďiďn`l
˙
.
On a fixed level, i.e. for fixed k1, . . . , kn`l, there is an inclusion of spaces ι : pPBord
l,p0,1q
n qk1,...,kn`l ãÑ
pPBordlnqk1,...,kn`l and the above map is a retract of the inclusion. The pn` lq-fold simplicial structure
needs to be modified by rescaling maps to ensure that the boxing stays p0, 1qn`l: For a morphism
g “
ś
gi in ∆
n`l, the associated morphism of spaces is ρ ˝ g ˝ ι. Since ρ only involves rescalings,
PBordln
ρ
Ñ PBordl,p0,1qn is a level-wise weak equivalence, so in particular also a DK-equivalence of n-fold
Segal spaces. We leave it to the reader to fill in the details.
6.2.3. Cutting points. Another variant of an n-fold Segal space of bordisms can be obtained by re-
placing the intervals Iij in Definition 5.1 of PBordn by specified “cutting points” t
i
j , which correspond
to where we cut our composition of bordisms. Equivalently, we can say that in this case the intervals
are replaced by intervals consisting of just one point, i.e. aij “ b
i
j “: t
i
j . The levels of this n-fold Segal
space PBordtn can be made into spaces as we did for PBordn, but we now need to add paths between
0-simplices which coincide inside the boxing of t’s, i.e. over rt10, t
1
k1
sˆ ¨ ¨ ¨ˆ rtn0 , t
n
kn
s. However, for PBordtn
the Segal condition is more difficult to prove, as in this case we do not specify the collar along which
we glue. Since the space of collars is contractible, sending an interval I with endpoints a and b to its
midpoint t “ 1
2
pa ` bq induces an equivalence of n-fold Segal spaces from PBordn to PBord
t
n. We will
not elaborate more on this variant and leave details to the interested reader.
6.3. Comparison with Lurie’s definition of bordisms. In [Lur09c], Lurie defined the n-fold Segal
space of bordisms as follows:
Definition 6.6. Let V be a finite-dimensional vector space. For every n-tuple k1, . . . , kn ě 0, let
pPBordV,Ln qk1,...,kn be the collection of tuples pM, pt
i
0 ď . . . ď t
i
ki
qi“1,...nq, where
1. For 1 ď i ď n,
ti0 ď ¨ ¨ ¨ ď t
i
ki
is an ordered pki ` 1q-tuple of elements in R.
2. M is a closed n-dimensional submanifold of V ˆRn and the composition π :M ãÑ V ˆRn ։ Rn
is a proper map.
3˜. For every S Ď t1, . . . , nu and for every collection tjiuiPS , where 0 ď ji ď ki, the composition
pS :M
π
Ñ Rn Ñ RS does not have ptjiqiPS as a critical value.
4˜. For every x PM such that ptiupxq P tt
i
0, . . . , t
i
ki
u, the map pti`1,...,nu is submersive at x.
It is endowed with a topology coming from the Whitney topology similar to what we described in Section
5.2.1. Similarly to before, let
PBordLn “ limÝÑ
VĂR8
PBordV,Ln
Comparing this definition with Definition 5.1 and PBordtn from 6.2.3 above, our condition (3) on PBord
t
n
is replaced by the two strictly weaker conditions p3˜q and p4˜q on PBordLn , which are both implied by
(3):
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Lemma 6.7. Let M be a closed n-dimensional manifold and π : M Ñ Rn. Moreover, for 1 ď i ď n let
pti0 ď . . . ď t
i
ki
q be an ordered pki ` 1q-tuple of elements in R. Denote for S Ď t1, . . . , nu the composition
M
π
Ñ Rn ։ RS by pS. Assume that condition (3) from Definition 5.1 holds, i.e. for every 1 ď i ď n
and 0 ď ji ď ki for x PM such that ptiupxq “ t
i
ji
the map pti,...,nu is submersive at x. Then,
3˜. For every S Ď t1, . . . , nu and for every collection tjiuiPS , where 0 ď ji ď ki, the composition
pS :M
π
Ñ Rn Ñ RS does not have ptji qiPS as a critical value.
4˜. For every x PM such that ptiupxq P tt
i
0, . . . , t
i
ki
u, the map pti`1,...,nu is submersive at x.
Proof. Let i0 “ minS. Consider the following diagram
M Rti0,...,nu
RS
pti0,...,nu
pS
proj
For 3˜. let x P p´1S pptji qiPSq. Then pti0upxq “ t
i0
ji0
, so by assumption the map pti0,...,nu is submersive at x.
Since proj is submersive, pS “ proj ˝ pti0,...,nu is also submersive at x.
For 4˜. note that if pti,...,nu is submersive at x then pti`1,...,nu is submersive at x. 
However, Lurie’s n-fold simplicial space PBordLn is not an n-fold Segal space as we will see in the example
below. Thus, our PBordtn is a corrigendum of Lurie’s PBord
L
n from [Lur09c].
Example 6.8.
t1
0
Consider the 2-dimensional torus T in R ˆ R2, embedded such that the projection onto
R2 is an annulus, and consider the tuple pT Ă R ˆ R2, t10, t
2
0 ď . . . ď t
2
k2
q, where t10 is
indicated in the picture of the projection plane R2 on the left. Then, because of condition
p3˜q, t20 ď . . . ď t
2
k2
can be chosen everywhere such that any pt10, t
2
jq is not a point where
the vertical (t10-)line intersects the two circles in the picture. Thus, if t
2
j and t
2
˜ are in two
different connected components of this line minus these forbidden points, there is no path
connecting this point to an element in the image of the degeneracy map. However, it
satisfies the conditions 1., 2., 3˜., and 4˜. in the definition of pPBordL2 q0,k2 , so pPBord
L
2 q0,‚
is not essentially constant.
6.4. The n-uple Segal space PBorduplen . Consider the following interval version of condition 3˜. in
Definition 6.6:
3˜. For every S Ď t1, . . . , nu and for every collection tjiuiPS , where 0 ď ji ď ki, the composition
pS :M
π
Ñ Rn Ñ RS does not have any critical value in pIji qiPS .
It ensures that the fibers p´1S
`
ptijiqiPS
˘
for tiji P I
i
ji
are pn ´ |S|q-dimensional smooth manifolds. This
can be interpreted similarly to in Remark 5.3 as follows: Choosing tiji ă t
i
j1
i
, we picture the composed
bordism as
π´1p
ź
rtiji , t
i
j1
i
sq,
which, by condition 3˜. is a “cubical” n-dimensional bordism whose sources and targets in each direction
are themselves “cubical” pn ´ 1q-dimensional bordisms, and furthermore, its diffeomorphism class does
not depend on the choice of cutting points tiji , see Section 8.1 for more details. Our condition (3), which
we saw in Lemma 6.7 to imply 3˜., ensures in addition the globularity condition, namely, that the source
and target of the n-dimensional bordism are pn ´ 1q-dimensional bordisms which themselves have the
same source and target. This is reflected in the essential constancy condition, namely that we have an
“n-category” instead of an “n-uple category”. Thus, relaxing condition (3) in Definition 5.1 to p3˜q, we
obtain:
Definition 6.9. The n-uple Segal space PBorduplen has levels whose elements are tuples of pM, I “ pI
i
0 ď
¨ ¨ ¨ ď Iikiq1ďiďnq, satisfying conditions 1., 2., and 3˜.
Using the construction in Section 2.4.5 one can see that PBordn indeed is the maximal n-fold Segal space
underlying the n-uple Segal space PBorduplen .
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Proposition 6.10. The maximal underlying n-fold Segal space of PBorduplen is equivalent to PBordn.
Proof. Recall from Section 2.4.5 that the levels of the maximal underlying n-fold Segal space of a n-uple
Segal space X are given by
RpXq~k “ Map
hpΘ
~k, Xq.
The remaining structure arises from that of X .
The level-wise inclusion ι : PBordn ãÑ PBord
uple
n and the weak equivalence from Lemma 2.27 give a map
PBordn »Map
hp∆
~k,PBordnq » Map
hpΘ
~k,PBordnq ÝÑ Map
hpΘ
~k,PBorduplen q “ RpPBord
uple
n q.
By the Segal condition, it suffices to show that this map is an equivalence at every piq “ p1, . . . , 1loomoon
i
, 0, . . . , 0q P
p∆opqk. To compute the correct mapping spaces, we use the cofibrant replacement of Θpiq from Propo-
sition 2.25.
Let Ci be the n-uple category, or rather its nerve, the n-fold simplicial space which is the image of the
Yoneda embedding of pr1s, . . . , r1sq P ∆ˆi and thus is cofibrant for the projective model structure. Then
MaphpCi,PBorduplen q “ pPBord
uple
n qpiq.
Now we proceed by induction. The first index for which there is something to show is i “ 2. Using the
explicit cofibrant replacement from Proposition 2.25, we compute that
RpPBorduplen qp2q “Map
hpΘp2q,PBorduplen q
is the homotopy pullback of the diagram
pPBorduplen qp2q
pPBorduplen q0 ˆ pPBord
uple
n q0 pPBord
uple
n qp1q ˆ pPBord
uple
n qp1q.
From this, we see that an element in RpPBorduplen qp2q is an element in pPBord
uple
n qp2q together with a
path from its source and target to elements in pPBorduplen q0. By Theorem 8.15 such a path determines
a diffeomorphism between the composed bordisms associated to the start and the end (the source and
target, respectively) of the path, which in turn are elements in pPBorduplen q0. Thus they satisfy condition
3˜. everywhere, i.e. the projection π is a submersion. This property is preserved by diffeomorphisms,
which implies that the source and target of the element in pPBorduplen qp2q also satisfy this condition. So
the original element must satisfy condition 3. and thus lies in pPBordnqp2q.
For i ą 2, again using the explicit cofibrant replacement, there is a homotopy pullback diagram
RpPBorduplen qpiq MappC
1 ˆ cofpΘpi´1qq,PBorduplen q
pPBordnq
uple
0 ˆ pPBordnq
uple
0 pPBordnq
uple
pi´1q ˆ pPBordnq
uple
pi´1q.
xh
Since there is a surjection Ci ։ C1 ˆ Θpi´1q, elements in the top right corner arise from elements in
MaphpCi,PBorduplen q “ pPBord
uple
n qpiq. Moreover,
MappC1 ˆ cofpΘpi´1qq,PBorduplen q “ RppPBord
uple
n q1,‚,...,‚qpi´1q.
The induction hypothesis implies that elements therein are elements in pPBorduplen qpiq which satisfy
condition (3) in Definition 5.1 or i ą 1.
Thus elements in RpPBorduplen qpiq are such elements together with a path from their source and target
to elements in pPBorduplen q0. Unravelling this condition as in the base case, we see that this implies
condition (3) for i “ 1. 
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Example 6.11 (The torus as a composition). The difference between the n-fold and the n-uple Segal
spaces can be seen when decomposing the torus, viewed as a 2-morphism in the respective n-(uple)
categories. We will omit drawing the intervals outside of the torus and just draw the “cutting lines”,
which should be understood as actually extending to small closed intervals around them.
The torus as a 2-morphism in Borduple2 can be decomposed simultaneously in both directions. One
possible decomposition into in some sense elementary pieces is the following:
However, similar to the argument in Example 6.8, this decomposition is not a valid decomposition in
Bord2, as condition 3 in Definition 5.1 is violated.
The torus as a 2-morphism in Bord2 can only be decomposed “successively”, so we first decompose it in
the first direction, i.e. the first coordinate, e.g. as
which is an element in pBord2q4,1 and then decompose the two middle pieces, which are the images under
the compositions of face maps D1p2q, D1p3q : pBord2q4,1 Ñ pBord2q1,1, as
and
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Altogether a possible decomposition of the torus into elementary pieces in Bord2 is
This of course is also a valid decomposition in the 2-fold category Borduple2 .
7. The symmetric monoidal structure on bordisms and tangles
The p8, nq-category Bordn is symmetric monoidal with its symmetric monoidal structure essentially
arising from taking disjoint unions. In this section we endow Bordn with a symmetric monoidal structure
in two ways. In Section 7.1 the symmetric monoidal structure arises from a Γ-object. In Section
7.2 a symmetric monoidal structure is defined using a tower of monoidal i-hybrid pn ` iq-fold Segal
spaces.
7.1. The symmetric monoidal structure arising as a Γ-object. We construct a sequence of n-fold
Segal spaces pPBordVn xmyq‚,...,‚ which form a Γ-object in n-fold Segal spaces which in turn endows Bordn
with a symmetric monoidal structure as defined in Section 3.1.
Definition 7.1. Let V be a finite-dimensional vector space. For every k1, . . . , kn, let pPBord
V
n xmyqk1,...,kn
be the collection of tuples
pM1, . . . ,Mm, pI
i
0 ď . . . ď I
i
ki
qi“1,...,nq,
where each pMβ, pI
i
0 ď . . . ď I
i
ki
qi“1,...nq is an element of pPBord
V
n qk1,...,kn and M1, . . . ,Mm are disjoint.
It can be made into an n-fold simplicial space similarly to PBordVn . Moreover, similarly to the definition
of Bordn, we take the homotopy colimit over all V Ă R
8 and complete to get an n-fold complete Segal
space Bordnrms.
Proposition 7.2. Let
Γ ÝÑ SeSp
n
,
xmy ÞÝÑ PBordnxmy,
where to a morphism f : xmy Ñ xky in Γ we assign the map
PBordnxmy ÝÑ PBordnxky,
pM1, . . . ,Mm, I
1sq ÞÝÑ p
ž
βPf´1p1q
Mβ, . . . ,
ž
βPf´1pkq
Mβ , I
1sq.
This assignment is functorial and endows Bordn with a symmetric monoidal structure.
Proof. By Lemma 3.7 it is enough to show that the assignment is a functor ΓÑ SeSp
n
with the property
that for every m ě 0 the map ź
1ďβďn
γβ : PBordnxmy ÝÑ pPBordnx1yq
m
is an equivalence of n-fold Segal spaces.
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Functoriality follows from the functoriality of taking preimages. For m “ 0 both sides are contractible.
For m ą 0 the map
ś
1ďβďn γβ is a level-wise inclusion and we show that level-wise it is a weak
equivalence.
First, we can show that for every k1, . . . , kn, the space pPBordnx1yq
m
k1,...,kn
is weakly equivalent to its
pullback, which we will denote by Pm, along the diagonal map Intnk1,...,kn Ñ pInt
n
k1,...,kn
qm. The argument
is analogous to the proofs of the rescaling steps in the proof of the Segal condition in Proposition 5.19.
Note that Pm is the subspace of those elements for which the intervals coincide, and
ś
1ďβďn γβ factors
through Pm.
Now, we will exhibit an explicit deformation retraction of
ś
1ďβďn γβ : PBordnxmyk1,...,kn Ñ P
m, which
shows that the two spaces are equivalent.
Consider the family of embeddings ιs : V Ñ R b V , v ÞÑ psα, vq, parametrized by s P r0, 1s. Note that
this also induces a family of embeddings R8 Ñ R‘ R8 – R8.
Let
´
pM1q, . . . , pMmq
¯
be any k-simplex in the target Pm. We construct a k-simplex in PBordnxmyk1,...,kn
together with a map F : ∆k ˆ r0, 1s Ñ Pm restricting to the original one at 1 and the new k-simplex at
0. The map F is defined as follows: for fixed s, it consists of the k-simplex which is defined by composing
the embedding Mα ãÑ V ˆBpIq with the embedding ιs. This depends smoothly on s (and nothing else).
For s ą 0, this indeed lands in PBordnxmyk1,...,kn , since the images of Mi are disjoint. The construction
is compatible with the simplicial structure, since ιs did not affect the copy of BpIq. Altogether this
induces a strong homotopy equivalence between the above spaces. 
Remark 7.3. More generally, the same construction works for Bordp8,dqn for d ď n using a sequence of
d-fold Segal spaces PBordlnxmy for l “ n´ d.
7.2. Looping, the monoidal structure and the tower. Our goal for this section is to endow Bordn
and Bordp8,dqn with symmetric monoidal structures arising from a tower of monoidal l-hybrid pn` lq-fold
Segal spaces Bordplqn for l ě 0. We will prove a stronger statement first, namely, that the tangle categories
Bordp8,dq,Vn are r-monoidal if V is r-dimensional.
Recall from Section 6.1 the pn ` lq-fold Segal spaces PBordln of n-dimensional bordisms. We saw in
Remark 6.5 that PBordln is pl ´ 1q-connected if l ą 0. However, it does not have a discrete space of
objects, 1-morphisms, . . . , pl ´ 1q-morphisms. For l ď 0 the situation is even worse as PBordln is not
even connected. However, in any PBordln, there is the distinguished object
H “ pH, p0, 1q, . . . , p0, 1qq ,
and by Proposition 3.32 it suffices to prove the following theorem.
Theorem 7.4. For n` l ě k ě 0, and an pr´1q-dimensional vector space V there is a weak equivalence
ΩkHpPBord
l,V
n q PBord
l´k,V ‘R
n
ur
which induces a weak equivalence u : ΩkHpPBord
l
nq Ñ PBord
l´k
n .
Since looping and hybrid completion commute by Lemma 2.22 the following corollary is immediate.
Corollary 7.5. Let n ě 0, d ď n, and V be an r-dimensional vector space.
‚ The tangle categories BordVn and Bord
p8,dq,V
n are r-monoidal.
‚ The bordism categories Bordn and Bord
p8,dq
n are symmetric monoidal.
We can extract the k-monoidal pn` lq-fold complete Segal spaces which form the tower for the symmetric
monoidal structure:
Definition 7.6. For k ą 0 and d ě 0, the pn` lq-fold Segal space
L
k
HpPBord
k´pn´dq
n q
is pk ´ 1q-connected and satisfies
ΩkHpL
k
HpPBord
k´pn´dq
n qq » Ω
k
HpPBord
k´pn´dq
n q » PBord
´pn´dq
n
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by the above Theorem. Its k-hybrid completion thus is a k-monoidal complete pd` kq-fold Segal space.
The collection thereof, for k ě 0, endows the complete d-fold Segal space Bordp8,dqn “ Bord
l
n for d “ n` l
with a symmetric monoidal structure. For d “ n, we obtain the symmetric monoidal structure on the
complete n-fold Segal space Bordn.
Since Ωn´dpBordnq is complete, the universal property for the completion Bord
p8,dq
n of PBord
d´n
n applied
to the map PBordd´nn » Ω
n´dpPBordnq Ñ Ω
n´dpBordnq gives the following corollary.
Corollary 7.7. There is a morphism of symmetric monoidal p8, dq-categories
Bordp8,dqn ÝÑ Ω
n´dpBordnq.
Remark 7.8. Since completion and looping do not necessarily commute, this map is not necessariy an
equivalence.
Proof of Theorem 7.4. It is enough to show that
ΩHpPBord
l,Rr´1
n q “ HomPBordl,Rr´1n
pH,Hq » PBordl´1,R
r
n .
The statement for general k follows by induction.
We define a map
ur : ΩpPBord
l,Rr´1
n q ÝÑ PBord
l´1,Rr
n
by sending an element in Hom
PBord
l,Rr´1
n
pH,Hqk2,...,kn`l
pMlq “
`
M Ď Rr´1 ˆ pa10, b
1
1q ˆBpIq, I
1
0 ď I
1
1 , I “ pI
i
0 ď ¨ ¨ ¨ ď I
i
ki
qn`li“2
˘
P pPBordlnq1,k2,...,kn`l
to
pMl´1q “ pM Ď pR
r´1 ˆ pa10, b
1
1qloooooooomoooooooon
“:V˜
q ˆBpIq, I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
qn`li“2 q,
so it “forgets” the first specified intervals. In the above, we view V˜ “ Rr´1 ˆ pa10, b
1
1q as a vector space
using a diffeomorphism pa10, b
1
1q – R, and thus get an isomorphism V˜ – R
r.
First of all, we need to check that this map is well-defined, that is, that pMl´1q P pPBord
l´1,Rr
n qk2,...,kn`l .
The condition we need to check is the second one, i.e. we need to check that M Ă V˜ ˆBpIq is a bounded
submanifold and M ãÑ V˜ ˆ BpIq ։ BpIq is proper. Since p´11 pI
1
0 qq “ p
´1
1 pI
1
1 q “ H, we know that M
is bounded in the direction of the first coordinate, since M “ p´11 prb
1
0, a
1
1sq, and moreover, we know that
M Ñ BpI10 ď I
1
1 , Iq is proper. Together this implies the statements.
We claim that the homotopy fibers of this map are contractible. The homotopy fiber at a point
pM1q “ pM1 Ď pR
r ˆBpIq, I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
qn`li“2 q,
in the target consists of pairs of:
‚ a 1-simplex pMq in pPBordl´1,R
r
n qk2,...,kn`l with endpoint pM1q together with,
‚ for the source vertex pM0q, a choice of pair of intervals which “bound” the manifold the the last
coordinate in Rr, i.e. an element I10 ď I
1
1 in Int1 such that
pM0 Ď R
r ˆBpIp0q, I10 ď I
1
1 , Ip0q “ pI
i
0p0q ď ¨ ¨ ¨ ď I
i
ki
p0qqn`li“2 q P ΩpPBord
l,Rr´1
n qk2,...,kn`l .
In presence of the 1-simplex, the choice of the intervals is equivalent to the choice of such intervals for
the original element pM1q, since they can be transported back and forth along the 1-simplex. Thus, the
homotopy fiber is a product of the space of paths to the chosen pM1q (which is contractible) with the
space of choices of pairs of intervals as in the second item, but for the original pM1q.
We claim that this latter space is contractible as well: the fixed submanifold M1 Ď R
r ˆ BpIq is a
bounded and closed submanifold. Therefore, it is bounded in the Rr-direction. Therefore the image of
the projection ptru : M1 Ñ R
tru is bounded and the intervals can be chosen to be any intervals which
lie of either side of the convex hull of this image. The complement of the convex hull has two connected
components and each interval can be chosen arbitrarily in one of the connected components. The space
of subintervals of a given interval is contractible, and therefore the homotopy fibers are contractible. 
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7.3. Comparison of the symmetric monoidal structures. Starting with the Γ-object PBordnx´y :
Γ Ñ SeSp
n
we can extract, as explained in section 3.3, the lth layer of a tower for this symmetric
monoidal structure on PBordn. It is the pn ` lq-fold Segal space PBordnx´yďl given by precomposing
PBordnx´y with the map p∆
opql
f l
ÝÑ Γl
^
ÝÑ Γ. We now show that it is equivalent to the layers of the
tower constructed in the previous section.
Proposition 7.9. The pn` lq-fold Segal spaces
PBordnx´yďl and L
l
HpPBord
l
nq
are weakly equivalent.
Proof. Recall from Section 6.2.2 the variant of bordisms which are constrained to the box p0, 1qn. The
rescaling maps determine a weak equivalence
PBordln
ρ
ÝÑ PBordl,p0,1qn .
Similarly, rescaling determines a weak equivalence
PBordnx´y
ρ
ÝÑ PBordp0,1qn x´y
to a Γ-object in n-fold Segal spaces, where PBordp0,1qn xmy is the obvious modification constraining the
bordisms to the box p0, 1qn and using rescaling maps as in 6.2.2. We will construct a weak equivalence
between PBordp0,1qn x´yďl and L
l
HpPBord
l,p0,1q
n q as the colimit of a zig-zag of maps below. We need this
intermediate step of constraining bordisms to the box to ensure that the maps in this zig-zag are indeed
functorial.
To shorten notation, for an ascending sequence V0 Ă V1 Ă V2 Ă ¨ ¨ ¨ of r-dimensional vector spaces Vr ,
let
Yr “ PBord
p0,1q,Vr
n x´yďl and Xr “ L
l
HpPBord
l,p0,1q,Vr
n q.
We will work with Vr “ R
r and use the standard inclusions Rr – Rr ‘ t0u ãÑ Rr`1. They induce
level-wise inclusions ιX : Xr ãÑ Xr`1 and ιY : Yr ãÑ Yr`1.
We will construct a sequence of maps
. . . Xr Xr`l . . .
Yr Yr`l Yr`2l
fr fr`lgr gr`l
such that fr ˝ gr „ ιY and gr`l ˝ fr „ ιX . This will induce the weak equivalence on the homotopy
colimits.
The first map fr – forgetting certain intervals: To define fr, for k1, . . . , kn, j1, . . . , jl ě 0 consider a
general element in pXr`lqk1,...,kn,j1,...,jl given by`
M Ă Vr ˆBpIq ˆBpJq, I, J
˘
,
where I P Int
p0,1q,n
k1,...,kn
and J P Int
p0,1q,l
j1,...,jl
. Note that BpIq ˆ BpJq “ p0, 1qn ˆ p0, 1ql Ă Rn ˆ Rl. The
condition that the preimage of the projection map over the intervals in J be empty implies that M is
the disjoint union of the preimages
Mm1,...,ml “ Dpm1, . . . ,mlqpMq
for 1 ď i ď l and 1 ď mi ď ji. In brief, the image under fr will be same embedding, but tracking these
disjoint manifolds, together with just the intervals I.
To implement this, we order the Mm1,...,ml ’s in lexicographic ordering. Finally we relabel them from 1 to
j1 ¨ ¨ ¨ ¨ ¨ jl according to this ordering, which amounts to setting Ms “Mm1,...,ml for s “ m1`
řl
i“2pmi´
1q ¨ j1 ¨ ¨ ¨ ji´1.
The image under fr has to be an element in
pYr`lqk1,...,kn,j1,...,jl “ pPBord
Vr`l
n xj1 ¨ ¨ ¨ jlyqk1,...,kn .
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For this, we use a fixed diffeomorphism p0, 1q – R which induces a diffeomorphism BpJq – Vl to transfer
the vector space structure. This in turn induces an isomorphism Vr`l – Vr ˆ BpJq. Then we let the
image of the general element above be`
M1, . . . ,Mj1¨¨¨jl , I
˘
, where M1 > ¨ ¨ ¨ >Mj1¨¨¨jl Ă Vr`l ˆBpIq.
We remark that this assignment is functorial in k1, . . . , kn, j1, . . . , jl, as the diffeomorphism is fixed once
and for all and the map just forgets certain intervals and orders the manifolds in the disjoint union in a
functorial way.
The second map gr – adding certain intervals back in: Conversely, to define gr : Yr Ñ Xr, start with a
general element in pYrqk1,...,kn,j1,...,jl given by`
M1, . . . ,Mj1¨¨¨jl , I
˘
, where M1 > ¨ ¨ ¨ >Mj1¨¨¨jl Ă Vr ˆ BpIq
Set
M “M1 > ¨ ¨ ¨ >Mj1¨¨¨jl ,
and for 1 ď i ď l and 0 ď mi ď ji, set
J imi “ r
2mi
2ji ` 1
,
2mi ` 1
2ji ` 1
s X p0, 1q,
so the intervals are equidistributed among p0, 1q. Now we realizeM as a submanifold of VrˆBpIqˆBpJq “
Vr ˆ p0, 1q
n ˆ p0, 1ql in the following way:
For 1 ď s ď j1 ¨ ¨ ¨ jl find the relabelling in the converse direction: find m1, . . . ,ml such that s “
m1`
řl
i“2pmi´1q ¨j1 ¨ ¨ ¨ ji´1. For example, ml “ t
s
j1¨¨¨jl´1
u, etc. Then, we use the inclusion of midpoints
of the mith interval tp
2m1`
1
2
2j1`1
, . . . ,
2ml`
1
2
2jl`1
qu Ă BpJq and set
Ms –Ms ˆ tp
2m1 `
1
2
2j1 ` 1
, . . . ,
2ml `
1
2
2jl ` 1
qu Ă Vr ˆBpIq ˆ tp
2m1 `
1
2
2j1 ` 1
, . . . ,
2ml `
1
2
2jl ` 1
qu Ă Vr ˆBpIq ˆBpJq.
The images of the Ms by construction will be disjoint, so together, we get
M Ă Vr ˆ p0, 1q
n ˆ p0, 1ql “ Vr ˆBpIq ˆBpJq.
Together with the intervals I, J , this gives an element in Xr.
Again, it is straightforward to check functoriality: the only choice was that of the extra intervals J , and
this choice was canonical because we chose them to be equidistributed in p0, 1q. Moreover, they are sent
to each other under the face and degeneracy maps of Intp0,1q because of the extra rescaling step. This is
the reason for constraining the bordisms to the box in this proof.
The homotopies: It is easy to see that fr ˝ gr „ ιY : For an element in the composition, the manifolds in
the disjoint union are “spread out” over different points in p0, 1ql “ BpJq Ă Rl:`
M1, . . . ,Mj1¨¨¨jl , I
˘
, where M1 > ¨ ¨ ¨ >Mj1¨¨¨jl Ă Vr ˆ BpIq
ÞÑ`
M, I, J
˘
, where M “M1 > ¨ ¨ ¨ >Mj1¨¨¨jl Ă Vr ˆ p0, 1q
n ˆ p0, 1ql “ Vr ˆBpIq ˆBpJq
ÞÑ`
M1, . . . ,Mj1¨¨¨jl , I
˘
, where M1 > ¨ ¨ ¨ >Mj1¨¨¨jl Ă Vr`l ˆBpIq
However, for the latter element, consider the homotopy
H : r0, 1s ˆ Rr`l Ñ Rr`l, pt, x1, . . . , xr, y1, . . . , ylq ÞÑ px1, . . . , xr, t ¨ y1, . . . , t ¨ ylq.
For any t, `
pHt ˆ idp0,1qnqpMq Ă R
r`l ˆ p0, 1qn “ Rr`l ˆBpIq, I
˘
still is an element in pYr`lqk1,...,kn,j1,...,jl , and for t “ 0 we get back the element we started with.
A homotopy from the other composition gr`l ˝ fr to ιX is also straightforward to construct. 
Corollary 7.10. The two symmetric monoidal structures on Bordn constructed in the last two sections
are equivalent.
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Remark 7.11. It is straightforward to get a similar result for Bordp8,dqn .
8. Interpretation of bordisms as manifolds with corners and the homotopy category
In this section we compare our definitions to the definitions of higher bordisms from [Lau00, LP08,
SP09, BM14] which are certain manifolds with corners. We first recall the definition and show that
every bordism in that sense leads to an element in our space of bordisms from the previous section and
vice versa. Then we prove that every path in our space of bordisms leads to diffeomorphic bordisms as
manifolds with corners, and explain that the spaces indeed are the disjoint union of classifying spaces of
diffeomorphisms of bordisms, as suggested in 5.2. Finally, we show that the homotopy category of our
symmetric monoidal Segal space of bordisms recovers the usual bordism category.
8.1. Bordisms as manifolds with corners and embeddings thereof. For the definition and nota-
tion for xky -manifolds used in this section we refer to [Lau00]. In brief, a xky -manifold is a manifold M
with “faces”21 together with an ordered n-tuple pB1M, . . . , BkMq satisfying
(1) B1M Y . . .Y BkM “ BM , and
(2) BiM X BjM is a face of BiM and BjM for every i ‰ j.
The number k indicates that the manifold has corners of codimension k, which are exactly the components
of B1M X . . .X BkM .
Example 8.1. Consider the biangle as a manifold with corners:
B2M
B1M
M
It is a manifold with faces: every point x in the interior has cpxq “ 0, every point in B1M X B2M has
cpxq “ 2 and is a face of both B1M and B2M , and every other point has cpxq “ 1 and lies either in B1M
or in B2M . Moreover, the ordered pair pB1M, B2Mq gives M the structure of a x2y -manifold.
An k-bordism is a xky -manifold such that for each BiM we distinguish between an “incoming” and an
“outgoing” part. We will see later that we can think of it as having k “directions” in which there is an
“incoming” and an “outgoing” part of the boundary.
Definition 8.2.
‚ A (cubical) 0-bordism is a closed manifold.
‚ An n-dimensional cubical k-bordism is an n-dimensional xky -manifold whose k-tuple of faces is
denoted by pB1M, . . . , BkMq together with decompositions
BiM “ Bi,inM > Bi,outM,
such that Bi,inM and Bi,outM are pn´ 1q-dimensional cubical pk ´ 1q-bordisms.
‚ An n-dimensional k-bordism is an n-dimensional cubical k-bordism such that Bi,inM and Bi,outM
are trivial in the sense that there are pn ´ k ´ 1 ` iq-dimensional pi ´ 1q-bordisms Mi,in and
Mi,out such that there are diffeomorphisms
Bi,inM –Mi,in ˆ r0, 1s
k´i and Bi,outM –Mi,out ˆ r0, 1s
k´i
for 1 ď i ď n´ 1.
Remark 8.3. For k “ 2 our definition of 2-bordism agrees with that in [SP09]. One should think of
Mi,in and Mi,out as the i-source and i-target of M .
21For an n-dimensional manifold M with corners, for any x P M the number of zeros cpxq in the coordinates of x in
any chart is independent of the chart (by a chart we mean a diffeomorphism x Q U Ñ V Ă Rně0). A connected face of M is
the closure of a component of tx P M : cpxq “ 1u, i.e. of the pn ´ 1q-dimensional part of the boundary. An n-dimensional
manifold with faces is an n-dimensional manifold M with corners such that any x P M is in exactly cpxq faces, i.e. if x is
in the pn´ kq-dimensional part of the boundary, then it lies in k different faces.
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Example 8.4. An example of a 2-dimensional 2-bordism is illustrated in the following picture.
Its tuple pB1M, B2Mq of faces is given by the vertical and the horizontal faces, respectively.
Example 8.5. Let M “ r0, 1sk. It is a k-bordism with
Bi,inM “ r0, 1s
i´1 ˆ t0u ˆ r0, 1sk´i and Bi,outM “ r0, 1s
i´1 ˆ t1u ˆ r0, 1sk´i.
A xky -manifold M determines a functor
M : r1sk Ñ T op, a “ pa1, . . . , akq ÞÝÑ
#
Mpaq “
Ş
ti: ai“0u
BiM, if a ‰ p1, . . . , 1q,
Mp1, . . . , 1q “M.
Recall the following embedding theorem via “neat” embeddings for xky -manifolds.
Theorem 8.6 (Proposition 2.1.7 in [Lau00]). Any compact xky -manifold admits a neat embedding in
Rk` ˆ R
m for some m, i.e. a natural transformation ι :M Ñ Rk` ˆ R
m such that
(1) ιpaq is an inclusion of a submanifold for all a P r1sk
(2) the intersections Mpaq X pRm ˆ Rk`pbqq “Mpbq are perpendicular for all b ă a.
We adapt the definition of a neat embedding for xky -manifolds for bordisms.
Definition 8.7. A neat embedding ι of a (cubical) k-bordism M is a natural transformation of M to
Rm ˆ r0, 1sk for some m, both viewed as functors r1sk Ñ T op such that
(1) ιpaq is an inclusion of a submanifold for all a P r1sk respecting the prescribed decomposition of
the faces of the bordism
(2) the intersections Mpaq X pRm ˆ r0, 1skpbqq “Mpbq are transverse for all b ă a.
To prove that any k-bordism admits a neat embedding we use that any xky-manifold admits a compatible
collaring:
Lemma 8.8 (Lemma 2.1.6 in [Lau00]). For a P r1sk we write 1´ a “ p1, . . . , 1q ´ a. Any xky -manifold
M admits a xky -diagram C of embeddings
Cpa ă bq : Rk`p1´ aq ˆMpaq ãÑ R
k
`p1 ´ bq ˆMpbq
with the property that Cpa ă bq restricted to Rk`p1´ bq ˆMpaq is the inclusion map idˆMpa ă bq.
Now the embedding theorem for xky -manifolds leads to an embedding theorem for (cubical) k-bordisms.
Such embedded cubical k-bordisms appear in [BM14].
Theorem 8.9. Any n-dimensional (cubical) k-bordism M admits a neat embedding into Rm ˆ r0, 1sk.
Proof. Let M be an n-dimensional k-bordism. By the above theorem, there is a (neat) embedding
ι : M ãÑ Rk` ˆ R
m1 Ă Rk`m
1
“ Rm for some m1 and m “ m1 ` k. We will use that the product of
an embedding with any smooth map still is an embedding. For this, we will construct a smooth map
h :M Ñ r0, 1sk such that its product with ι is a neat embedding.
The idea for h is that the decomposition into disjoint unions of the boundary components of the k-
bordism determine a decomposition of the collars as well. Starting with the lowest dimensional corners
Mp0q, we use this decomposition to define h on each component using either the collar coordinate or one
minus the collar coordinate in each coordinate direction. Then we proceed by induction on the dimension
of the corner and define h successively on Mpaq.
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Recall from Example 8.5 that r0, 1sk is a k-bordism. We fix a collaring, e.g. the one given by the
embeddings determined by diffeomorphisms
R
α
` ˆ r0, 1s
k´α – r0,
1
6
qα ˆ r0, 1sk´α
Let a “ paiq P r1s
k. Denote by |a| “
ř
ai and Spaq “ ti : ai “ 0u Ă t1, . . . , ku. Note that |Spaq| “ k´|a|.
By the above lemma, there is a collaring of the xky -manifold M . The collaring gives an embedding
Cpa ă 1q : R
Spaq
` ˆMpaq ãÑMp1´0q “M whose image is a neighborhood Upaq of the cornerMpaq. The
decompositions BiM “ Bi,inM > Bi,outM give a decomposition of Mpaq into 2
|Spaq| disjoint components:
Mpaq “
č
ti:ai‰0u
BiM “
č
ti:ai‰0u
Bi,inM > Bi,outM “
ğ
αPr1s|Spaq|
Mpa, αq,
i.e. an element c PMpaq lies in Mpa, αq if and only if
αi “
#
0, c P Bi,inM
1, c P Bi,outM.
This decomposition also determines a decomposition of Upaq into into 2k´|a| disjoint components Upa, αq
for α P r1sSpaq such that Upa, αq is the image of R
Spaq
` ˆMpa, αq under Cpa ă 1q. The chosen collaring of
r0, 1sk induces one on r0, 1sSpaq, which in turn determines an embedding ια : R
Spaq
` ãÑ r0, 1s
Spaq for any
particular corner α P r1sSpaq Ă r0, 1sSpaq. Note that the images of these embeddings for varying corners
are disjoint. We define ha on Upa, αq to be the composition
Upa, αq – R
Spaq
` ˆMpa, αq
pr
ÝÑ R
Spaq
`
ιαÝÑ r0, 1sSpaq.
For a “ 0 P r1sk, i.e the lowest (=pn´ kq-)dimensional corners of M , the function h0 : Up0q Ñ r0, 1s
k is
the restriction h|Up0q to Up0q of the desired function h.
For a ą 0, assume h is already defined on Upbq for b ă a with |b| “ |a| ´ 1. Fix α P r1sSpaq and let
β P r1sSpbq such that βi “ αi for every i P Spaq Ă Spbq. Then Upb, βq Ă Upa, αq. Since Upb, βq are
disjoint for varying β and the collarings restrict compatibly, we can choose a smooth function
hβ,α : Upa, αq Ñ r0, 1s
t1,...,kuzSpaq
such that the product with ha agrees with h on Upb, βq for all such β. This defines a smooth map
h :M Ñ r0, 1sk.
We claim that the product ι ˆ h : M ãÑ Rm ˆ r0, 1sk is a neat embedding of k-bordisms. The first
condition is fulfilled by construction, as h is defined so that Mpa, αq is sent to αpcq P r0, 1sSpaq. For the
second condition note that by construction,Mpa, αq “ h´1a pαq, Mpb, βq “ h
´1
b pβq, and hb “ haˆhβ,α on
Upb, βq. But on Upb, βq the function hβ,α is a projection onto the extra collar coordinate, with Mpb, βq
the preimage of 0 P R`. Thus the intersection is transversal. 
Conversely,
Proposition 8.10. For l ě ´n and d “ n`l any element in pPBordlnqk1,...,kn leads to a pk1, . . . , kdq-fold
composition of n-dimensional d-bordisms.
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Proof. Let pM Ă V ˆBpIq, Iq be an element in pPBordlnqk1,...,kd . As usual, we use the notation π :M ãÑ
V ˆBpIq։ BpIq. Then for p1 ď ji ď kiq1ďiďd define
Mj1,...,jd “ π
´1
˜ź
i
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s
¸
.
They are n-dimensional cubical d-bordisms since they are manifolds with corners with a decomposition
of the boundary given by the preimages of the faces of the cube, similarly to Example 8.5:
Bi0,inMj1,...,jd “ π
´1
˜ź
iăi0
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s ˆ t
2aij´1 ` b
i
j´1
3
u ˆ
ź
iąi0
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s
¸
and
Bi0,outMj1,...,jd “ π
´1
˜ź
iăi0
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s ˆ t
aij ` 2b
i
j
3
u ˆ
ź
iąi0
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s
¸
The triviality condition to be a d-bordism follows from condition (3) in Definition 6.1. Note that we
essentially extracted the underlying k-bordisms from Remark 5.3 and Notation 5.17.
Moreover, they are composable along the faces in the sense that Bi,outMj1,...,ji´1,...,jd and Bi,inMj1,...,jd
can be glued along their collar to form a new k-bordism given by
π´1
˜ź
i1ăi
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s ˆ r
2aij´2 ` b
i
j´2
3
,
aij ` 2b
i
j
3
s ˆ
ź
i1ąi
r
2aij´1 ` b
i
j´1
3
,
aij ` 2b
i
j
3
s
¸
.

8.2. A time-dependent Morse lemma and spaces of bordisms. We have already seen in Remark
5.3 and Notation 5.17, and in Corollary 5.5 and Proposition 8.10, that the Morse lemma allows inter-
preting an element in pPBordlnqk1,...,kn as a composition of k1 ¨ ¨ ¨ kn bordisms. In this section we will
see that paths in that space lead to diffeomorphisms of the composed bordisms and remark on why this
space should be thought of as the classifying space of these diffeomorphisms.
The following theorem is the classical Morse lemma, as can be found e.g. in [Mil63].
Theorem 8.11 (Morse lemma). Let f be a smooth proper real-valued function on a manifold M . Let
a ă b and suppose that the interval ra, bs contains no critical values of f . Then Ma “ f´1pp´8, asq is
diffeomorphic to M b “ f´1pp´8, bsq.
We repeat the proof here since later on in this section we will adapt it to the situation we need.
Proof. Choose a metric on M , and consider the vector field
V “
∇yf
|∇yf |2
,
where ∇y is the gradient on M . Since f has no critical value in ra, bs, V is defined in f
´1ppa´ ǫ, b` ǫqq,
for suitable ǫ. Choose a smooth function g˜ : RÑ R which is 1 on pa´ ǫ
2
, b` ǫ
2
q and compactly supported
in pa´ ǫ, b` ǫq. Lift g˜ to a function g :M Ñ R by setting gpyq “ g˜pfpyqq. Then
V “ g
∇yf
|∇yf |2
is a compactly supported vector field on M and hence generates a 1-parameter group of diffeomorphisms
ψt :M ÝÑM.
Viewing f ´ pa` tq as a function on RˆM , pt, yq ÞÑ fpyq ´ pa` tq, we find that in f´1ppa´ ǫ
2
, b` ǫ
2
qq,
Btpf ´ pa` tqq “ 1 “
∇yf
|∇yf |2
¨ pf ´ pa` tqq “ V ¨ pf ´ pa` tqq,
and so the flow preserves the set
tpt, yq : fpyq “ a` tu.
Thus, the diffeomorphism ψb´a restricts to a diffeomorphism
ψb´a|Ma :M
a ÝÑM b.
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In Lemma 3.1 in [GWW] Gay, Wehrheim, and Woodward prove a time-dependent Morse lemma which
shows that a smooth family of composed bordisms in their (ordinary) category of (connected) bordisms
gives rise to a diffeomorphism which intertwines with the bordisms. We adapt this lemma to a variant
which will be suitable for our situation in the higher categorical setting.
We start by defining some rescaling data to compare bordisms with different families of underlying
intervals.
Definition 8.12. Let pI0psq ď ¨ ¨ ¨ ď Ikpsqq Ñ |∆
l|e be an l-simplex in Intk. A smooth family of strictly
monotonically increasing diffeomorphisms`
ϕs,t : pa0psq, bkpsqq Ñ pa0ptq, bkptqq
˘
s,tP|∆l|
is said to intertwine with the composed intervals if the following condition is satisfied for every morphism
f : rms Ñ rls in the simplex category ∆: Let |f | : |∆m| Ñ |∆l| be the induced map between standard
simplices. For every 0 ď j ă k such that
‚ either for every s P |f |p|∆m|q the intersection Ijpsq X Ij`1psq is empty
‚ or for every s P |f |p|∆m|q the intersection Ijpsq X Ij`1psq contains only one element,
we require that for every s P |f |p|∆m|q,
bjpsq
ϕs,t
ÞÝÝÑ bjptq, aj`1psq
ϕs,t
ÞÝÝÑ aj`1ptq;
s
t
b3p1qa0p1q
ϕ0,1
ϕs,t
b3p0qa0p0q b0p0q
b0p1q
a1p0q
a1p1q
b1p0q
b1p1q
a2p0q
a2p1q
b2p0q
b2p1q
a3p0q
a3p1q
Remark 8.13. Note that it is enough to check this condition for m ď l.
Definition 8.14. Let pI0psq ď ¨ ¨ ¨ ď Ikpsqq Ñ r0, 1s be a 1-simplex in Intk. A rescaling datum for I is a is
a smooth family of strictly monotonically increasing diffeomorphisms ϕs,t : pa0psq, bkpsqq Ñ pa0ptq, bkptqq
for s, t P r0, 1s such that
(1) ϕs,s “ id for every s P r0, 1s,
(2) ϕs,t “ ϕ
´1
t,s for every s, t P r0, 1s,
(3) pϕs,tqs,tP|∆1|e intertwines with the composed intervals.
Theorem 8.15. Let pM Ă Rr ˆBpIq ˆ |∆1|e, Iq be a 1-simplex in pPBord
l
nqk1,...,kn. Then,
(1) for every 1 ď i ď n, there is a rescaling datum ϕis,t for I
i, and
(2) there is a smooth family of diffeomorphisms
pψs,t :Ms ÝÑMtqs,tPr0,1s,
such that ψs,s “ idMs and ψs,t “ ψ
´1
t,s , which intertwine with the composed bordisms with respect
to the product of the rescaling data ϕs,t “ pϕ
i
s,tq
n
i“1 : BpIpsqq Ñ BpIptqq. By this we mean the
following: denoting by πs the composition Ms ãÑ V ˆ BpIpsqq ։ BpIpsqq, for 1 ď i ď n and
0 ď ji, li ď ki let
tiji P I
i
ji
psq such that ϕis,tpt
i
ji
q P Iiji ptq, and
tili P I
i
li
psq such that ϕis,tpt
i
li
q P Iiliptq.
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Then ψs,t restricts to a diffeomorphism
π´1s
˜
nź
i“1
rtiji , t
i
li
s
¸
ψs,t
ÝÝÑ π´1s
˜
nź
i“1
rϕs,tpt
i
ji
q, ϕs,tpt
i
li
qs
¸
,
i.e. denoting B “
śn
i“1rt
i
ji
, tili s,
Mt π
´1
t pϕs,tpBqq
Ms π
´1
s pBq ϕs,tpBq
BpIpsqq B
πtψs,t
πs πs
ψs,t
ϕs,t
Proof. The main strategy of the proof is the same as for the classical Morse lemma. Namely, we will
construct a suitable vector field whose flow gives the desired diffeomorphisms. First, we fix the metric on
M induced by the restriction of the standard metric on Rr ˆBpIq ˆ |∆1|e. Recall from Remark 5.9 that
the map M Ñ |∆1|e exhibits M as a trivial fiber bundle, so there is a diffeomorphism M – |∆
1|e ˆ N
as abstract manifolds. For every s P r0, 1s, the fiber Ms is diffeomorphic to N as abstract manifolds.
We fix the metric on N induced by the diffeomorphism N – M0, and use the notation fs : N – Ms ãÑ
V ˆBpIpsqq։ BpIpsqq.
For steps 1-3 assume that l “ ´pn ´ 1q. The general case applies these arguments in each direction
separately.
Step 1: disjoint intervals. First assume that for all 0 ď j ď k and for every s P r0, 1s we have
Ijpsq X Ij`1psq “ H.
We first define suitable vector fields Vj andWj in neighborhoods of the preimage under f of
Ť
sPr0,1stsuˆ
Ijpsq, such that their flows will preserve the preimages of the left and right endpoints of the intervals,
respectively. Then we use a partition of unity to obtain a vector field V defined on r0, 1sˆN which gives
rise to the desired diffeomorphisms.
Let
Aj “
ď
sPr0,1s
tsu ˆ f´1s pajpsqq Ă r0, 1s ˆN, Bj “
ď
sPr0,1s
tsu ˆ f´1s pbjpsqq Ă r0, 1s ˆN.
Now for 0 ď j ď k consider the vector fields
Vj “
ˆ
Bs, Bspajpsq ´ fsq
∇yfs
|∇yfs|2
˙
, Wj “
ˆ
Bs, Bspbjpsq ´ fsq
∇yfs
|∇yfs|2
˙
,
where ∇y is the gradient on N . Since fs has no critical value in Ijpsq, the vector fields Vj and Wj are
defined on f´1pUjq, where Uj is a neighborhood of
Ť
sPr0,1stsu ˆ Ijpsq. Moreover, viewing aj : ps, yq ÞÑ
ajpsq as a function on r0, 1s ˆN ,
Vjpf ´ ajq “ Bspf ´ ajq ` Bspaj ´ fq
∇yf
|∇yf |2
pf ´ ajq “ Bspf ´ ajq ` Bspaj ´ fq “ 0,
So the vector field Vj is tangent to Aj and similarly, Wj is tangent to Bj .
We would now like to construct a vector field V on r0, 1s ˆN which for every 0 ď j ď k, at Aj restricts
to Vj and at Bj restricts to Wj , and such that there exists a family of functions
`
cx : r0, 1s Ñ R
˘
xPIjp0q
such that
- cxp0q “ x, cxpsq P Ijpsq,
- the graphs of cx for varying x partition
Ť
sPr0,1stsu ˆ rajpsq, bjpsqs, and
- V is tangent to Cx “
Ť
sPr0,1stsu ˆ f
´1
s pcxpsqq.
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We will use cx to define ϕ0,spxq “ cxpsq and ϕs,t “ ϕ0,t ˝ ϕ
´1
0,s. Moreover, the diffeomorphisms ψs,t will
arise as the flow along V .
Fix smooth functions g˜j , h˜j :
Ť
sPr0,1stsu ˆBpIpsqq Ñ Rě0 which satisfy the following conditions:
(1) g˜j, h˜j are compactly supported in Uj,
(2) g˜j “ 1 in a neighborhood of graphaj “ tps, ajpsqq : s P r0, 1su,
h˜j “ 1 in a neighborhood of graph bj
(3) g˜j ` h˜j “ 1 in
Ť
sPr0,1stsu ˆ Ijpsq, and the supports of the g˜j ` h˜j are disjoint.
Lift the functions g˜j , h˜j to functions gj, hj : r0, 1s ˆ N Ñ R by setting gjps, yq :“ g˜jps, fspyqq and
hjps, yq :“ h˜jps, fspyqq. Then consider the following vector field on f
´1pUjq:
Vj “
ˆ
Bs, pgjBspajq ` hjBspbjq ´ Bspfqq
∇yf
|∇yf |2
˙
This vector field is supported on the support of gj ` hj and thus extends to a vector field on N . Note
that for ps, yq P Aj , Vjps, yq “ Vjps, yq, and for ps, yq P Bj , Vjps, yq “Wjps, yq.
Now let V be the vector field on r0, 1s ˆN constructed by combining the above vector fields as follows:
V “
˜
Bs,
ÿ
0ďjďk
pgjBspajq ` hjBspbjq ´ Bspfqq
∇yfs
|∇yfs|2
¸
. (7)
Note that in
Ť
sPr0,1stsu ˆ f
´1
s pIjpsqq, it restricts to Vj .
In order for V to be tangent to Cx, the functions cx must satisfy Vjpf ´ cxq “ 0 at points in Cx.
Expanding the left hand side as
Vjpf ´ cxq “ Bspf ´ cxq ` pgjBspajq ` hjBspbjq ´ Bspfqq
∇f
|∇f |2
pf ´ cxq
“ ´Bspcxq ` gjBspajq ` hjBspbjq
leads to the ordinary differential equation with smooth coefficients on r0, 1s
Bspcxqpsq “ gjps, cxpsqqBspajqpsq ` hjps, cxpsqqBspbjqpsq,
cxp0q “ x.
By Picard-Lindelo¨f, it has a unique, a priori local, solution. To see that it extends to every s P r0, 1s,
consider the smooth function F : r0, 1s ˆ N Ñ
Ť
sPr0,1stsu ˆ BpIpsqq defined to be π under the diffeo-
morphism M – r0, 1s ˆ N , so F ps, yq “ ps, fps, yqq “ ps, fspyqq. Since π is proper, so is F . Moreover,
Cx “ F
´1pgraph cxq. For fixed x, graph cx sits inside the support of g˜j ` h˜j , for some j, and thus is
compact in
Ť
sPr0,1stsu ˆ BpIpsqq. Therefore Cx lies in a compact part of r0, 1s ˆ N and thus the local
solution exists for all s P r0, 1s.
We now define our rescaling data essentially by following the curve cx. Explicitly, let ϕ0,s : BpIp0qq Ñ
BpIpsqq be defined on rajp0q, bjp0qs by sending x0 to cx0psq. Note that by construction, it sends
ajp0q, bjp0q to ajpsq, bjpsq. Since the solution cx of the ODE varies smoothly with respect to the initial
value x this map is a diffeomorphism. So we can define ϕs,t : BpIpsqq Ñ BpIptqq on rajpsq, bjpsqs by
sending xs “ cx0psq to cx0ptq. We extend ϕs,t to a diffeomorphism in between these intervals in the
following way. Let ˜˜gj ,
˜˜
hj : rbjp0q, aj`1p0qs Ñ R be a partition of unity such that ˜˜gj is strictly decreasing,
˜˜gjpbjpsqq “ 1, and
˜˜
hjpaj`1psqq “ 1. Then, for x0 P rbjp0q, aj`1p0qs set
cx0psq “ ˜˜gjpx0qcbjp0qpsq `
˜˜
hjpx0qcaj`1p0qpsq and ϕs,tpcx0psqq “ cx0ptq.
As mentioned above, we obtain the diffeomorphisms ψs,t by flowing along the vector field V . Since V is
tangent to the sets Cx “
Ť
sPr0,1stsu ˆ f
´1
s pcxpsqq for x P I0p0q Y ¨ ¨ ¨ Y Ikp0q, the flow preserves Cx, andŤ
sPr0,1stsu ˆ f
´1
s prbjpsq, aj`1psqsq in between. Again, this implies that the flow exists for all s P r0, 1s.
It is of the form Ψpt ´ s, ps, yqq “ pt, ψs,tpyqq for 0 ď s ď t ď 1, where pψs,tqs,tPr0,1s is a family of
diffeomorphisms on N . We transport them under the diffeomorphismM – r0, 1sˆN to diffeomorphisms
pψs,t : Ms ÑMtqs,tPr0,1s, which by construction intertwine with the composed bordisms with respect to
the rescaling data ϕs,t.
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Step 2: common endpoints. Now consider the case that for 0 ď j ď k we have that either for every
s P r0, 1s, Ijpsq X Ij`1psq “ H as in the previous case or for every s P r0, 1s we have
|Ijpsq X Ij`1psq| “ 1.
In this case, one can modify the above argument. We explain this for the case of two intervals with one
common endpoint, i.e. bjpsq “ aj`1psq.
Instead of choosing smooth functions g˜j , h˜j, g˜j`1, h˜j`1 :
Ť
sPr0,1stsuˆBpIpsqq Ñ R such that the supports
of g˜j ` h˜j and g˜j`1 ` h˜j`1 are disjoint (which now is not possible), we fix three smooth functions
f˜j , g˜j, h˜j :
Ť
sPr0,1stsu ˆBpIpsqq Ñ R which satisfy the following conditions:
(1) f˜j, g˜j , h˜j are compactly supported in Uj Y Uj`1,
(2) f˜j “ 1 in a neighborhood of graphaj “ tps, ajpsqq : s P r0, 1su,
g˜j “ 1 in a neighborhood of graph bj “ graphaj`1,
h˜j “ 1 in a neighborhood of graph bj`1,
(3) f˜j ` g˜j ` h˜j “ 1 in
Ť
sPr0,1stsuˆ pIjpsq Y Ij`1psqq, and the support of the f˜j ` g˜j ` h˜j is disjoint
from the sums associated to the other intervals.
Now continue the proof similarly to above.
overlapping intervals with non-empty interior. If for some 0 ď j ď k the intersection IjpsqXIj`1psq
has non-empty interior for every s P r0, 1s, then one can do the above construction with the intervals
Ijpsq, Ij`1psq replaced by the interval Ijpsq Y Ij`1psq.
Step 4: partial overlaps – mixed cases. When the above cases are mixed, we can combine the cases
treated so far. We will illustrate this in the case this in the case when the intervals first are disjoint and
then start overlapping. The other cases are treated similarly.
Let us assume that there is an s˜ such that for s ă s˜, IjpsqXIj`1psq “ H and for s ě s˜, IjpsqXIj`1psq ‰ H.
In this case, x˜ “ bjps˜q “ aj`1ps˜q, which is a regular value of fs˜. Since f is smooth, there is an open ball
Uj centered at ps˜, x˜q in
Ť
sPr0,1stsuˆBpIpsqq such that for ps, xq P U , x is a regular value of fs. Let s¯ ă s˜
be such that for every s¯ ď s ď s˜, the set tsuˆ rajpsq, bj`1psqs is covered by U Y
`
tsuˆ pIjpsqY Ij`1psqq
˘
.
Choose s0 and t0 such that s¯ ď s0 ă t0.
s0
t0
bjp0q
aj`1p1q
aj`1p0q
bjp1q
In r0, t0s, we are in the situation of disjoint intervals and can use the first construction to obtain c
p1q
x psq
and Vp1qps, yq for s ď t0.
In rs0, 1s, we apply the construction from step 1 to the intervals Ijpsq and Ij`1psq replaced by the interval
rajpsq, bj`1psqs to obtain c
p2q
x psq and Vp2qps, yq for s ě s0.
Now choose a partition of unity G,H : r0, 1s Ñ R such that G|r0,s0s “ 1, H |rt0,1s “ 1, and G is strictly
decreasing on rs0, t0s. For s ă t define
cxpsq “ Gpsqc
p1q
x psq `Hpsqc
p2q
x psq, Vps, yq “ GpsqV
p1qps, yq `HpsqVp2qps, yq.
Then define ϕs,t and ψs,t as before.
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Step 5: several directions. Assume now that l ą ´pn´ 1q. Let
πs : N –Ms ãÑ V ˆBpIpsqq։ BpIpsqq
and for 1 ď i ď n denote by ppiqs : N Ñ BpI
ipsqq the composition of πs with the projection to the ith
coordinate. Note that by condition 3 in Definition 5.1, the function ppiqs does not have a critical point
in Ii0psq Y . . .Y I
i
ki
psq.
By steps 1-3 for each i we got a vector field
V
i “
ˆ
Bs,Πips, yq
∇yppiqs
|∇yppiqs|2
˙
,
e.g. see (7). We combine them to obtain a new vector field on r0, 1s ˆN given by
V˜ “
˜
Bs,
nÿ
i“1
Πips, yq
∇yppiqs
|∇yppiqs|2
¸
.
For i ‰ j the projections ppiq0 and ppjq0 are orthogonal with respect to the metric on N and moreover,
ppiqs, ppjqs stay orthogonal along the path, because the change of metric on N – Ms induced by the
embedding of Ms respects orthogonality on BpIq. This implies that
∇yppiqs
|∇yppiqs|2
pj “ δij ,
and so V˜ still is tangent to the respective Cix in each direction and thus its flow, if it exists globally, will
give rise to the desired diffeomorphisms and rescaling data.
The global existence follows from the special form of the vector field. Given a point pt, ytq P N , the flow
will preserve a set of the form
tps, yq : πspysq “ pc
1
x0
psq, . . . , cnx0psqq “ pξ1psq, . . . , ξnpsqqu,
where the right hand side is in the notation of Example 5.13, and ~cx0ptq “
~ξptq “ yt. One can show, as
in the example, that this set lies in a compact part of N and thus the flow exists globally. 
We can now relate the spaces of bordisms to diffeomorphisms of bordisms in a more classical sense.
Definition 8.16. Building upon the previous section, in particular Proposition 8.10, we define a diffeo-
morphism of a pk1, . . . , kdq-fold composition of n-dimensional d-bordisms to be a diffeomorphism of the
composition which “intertwines with”, i.e. restricts to, the composed bordisms.
The above theorem shows that a path in pPBordlnqk1,...,kd leads to such an intertwining diffeomorphism
of the compositions at the start and at the end of the path. Actually, much more is true.
Proposition 8.17. For fixed k1, . . . , kd and a pk1, . . . , kdq-fold composition M of n-dimensional d-
bordisms Mj1,...,jd which we denote by pM, pMj1,...,jdqq, consider the group of such intertwining diffeo-
morphisms DiffpM, pMj1,...,jdqq. Then pPBord
l
nqk1,...,kn is the disjoint union of classifying spaces of
DiffpM, pMj1,...,jdqq, where the disjoint union is taken over diffeomorphism classes.
Proof. We sketch the argument, essentially following the one for showing that SubpM,R8q is a classifying
space for the group of diffeomorphisms ofM , and its modifications in [GTMW09] and [Lur09c]: Consider
the space EmbppM, pMj1,...,jdqq,R
8 ˆ r0, 1sdq of neat embeddings of the composition which restricts to
neat embeddings of the composed bordisms. It is non-empty by the embedding theorem for d-bordisms
(Theorem 8.9) and contractible, which can be seen similarly to EmbpM,R8q being contractible. We get
a principal DiffpM, pMj1,...,jdqq-bundle
EmbppM, pMj1,...,jdqq,R
8 ˆ r0, 1sdq Ñ EmbppM, pMj1,...,jdqq,R
8 ˆ r0, 1sdq{DiffpM, pMj1,...,jdqq.
The disjoint union over all diffeomorphism classes of the right hand side is equivalent to pPBordlnqk1,...,kn .

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8.3. The homotopy category h1pBord
p8,1q
n q. The goal of the Section is to show that there is a equiva-
lence of symmetric monoidal categories between the homotopy category of the p8, 1q-category Bordp8,1qn
and the usual unoriented bordism category nCob. In fact, even more is true: one can show that there
is an equivalence of symmetric monoidal bicategories between the homotopy bicategory of the p8, 2q-
category Bordp8,2qn q and the unoriented bordism bicategory defined in [SP09]. This will be proven in a
subsequent article.
8.3.1. The symmetric monoidal structure on h1pBord
p8,1q
n q. Bord
p8,1q
n “ Bord
´pn´1q
n » Ω
n´1pBordnq
is an p8, 1q-category with a symmetric monoidal structure defined in two ways similarly to that of Bord1.
Both induce a symmetric monoidal structure on the homotopy category h1pBord
p8,1q
n q. We now make
this symmetric monoidal structure more explicit for later purposes.
...coming from a Γ-object. We can either obtain the symmetric monoidal structure as a Γ-object
on Bordp8,1qn » Ω
n´1pBordnq by iterating the construction of the symmetric monoidal structure on the
looping from Example 3.10 or by constructing a functor from an assignment rms ÞÑ Bord´pn´1qn rms as
mentioned in Remark 7.3. In the second case, Bord´pn´1qn rms arises, similarly to Bordnrms, from the
spaces pPBordV,´pn´1qn rmsqk1,...,kn , whose set of 0-simplices is the collection of tuples
pM1, . . . ,Mm, pI0 ď . . . ď Ikqq,
where M1, . . . ,Mm are disjoint n-dimensional submanifolds of V ˆBpIq “ pa0, bkq, and each pMβ , pI0 ď
. . . ď Ikqq P pPBord
V,´pn´1q
n qk1,...,kn .
We saw in Example 3.8 that a Γ-object endows the homotopy category of its underlying Segal space with
a symmetric monoidal structure. Explicitly, in the second case, it comes from the following maps.
Bord´pn´1qn x1y ˆ Bord
´pn´1q
n x1y
»
ÐÝÝÝÝ
γ1ˆγ2
Bord´pn´1qn x2y
γ
ÝÑ Bord´pn´1qn x1y,
pM1, Iq, pM2, Iq ÐÝÝÝÝp pM1,M2, Iq ÞÝÑ pM1 >M2, Iq
...coming from a tower. To understand the symmetric monoidal structure on h1pBord
p8,1q
n q coming
from a symmetric monoidal structure as a tower, we use that Bordp8,1qn “ Bord
´pn´1q
n has a symmetric
monoidal structure coming from the collection of k-hybrid pk ` 1q-fold Segal spaces given (essentially)
by the k-hybrid completion of
L
k
HpPBord
k´pn´1q
n q.
This symmetric monoidal structure induces one on the homotopy category h1pBord
p8,1q
n q » h1pBord
´pn´1q
n q.
Since completion is a Dwyer-Kan equivalence, see 1.18, it is enough to understand the symmetric
monoidal structure on h1pPBord
´pn´1q
n q.
The monoidal structure arises from composition in PBord1´pn´1qn , the next layer of the tower PBord
2´pn´1q
n
gives a braiding and the higher layers show that it is symmetric monoidal, see Section 3.3. Consider the
diagram
pPBord1´pn´1qn q1,‚
h
ˆ
pPBord
1´pn´1q
n q0,‚
pPBord1´pn´1qn q1,‚
»
ÐÝÝÝÝ
d1
0
ˆd1
2
pPBord1´pn´1qn q2,‚
d1
1ÝÑ pPBord1´pn´1qn q1,‚.
Similarly to Remark 3.16, we find that
LHpPBord
1´pn´1q
n q1,‚ » ΩpPBord
1´pn´1q
n q‚ » pPBord
´pn´1q
n q‚
and together with the maps above this gives a monoidal structure
h1pPBord
´pn´1q
n q ˆ h1pPBord
´pn´1q
n q ÝÑ h1pPBord
´pn´1q
n q.
We spell this structure out explicitly. Consider two objects or 1-morphisms represented by elements
pMq “ pM Ď V ˆBpIq, Iq, pNq “ pN ĎW ˆBpI˜q, I˜qq
in pPBord´pn´1qn qk for k “ 0 or k “ 1. Without loss of generality we can assume that V “ W “ R
r,
that pMq, pNq P pPBord´pn´1q,R
r
n qk, and that (perhaps after rescaling) I “ I˜. Furthermore, choose c ą 0
such that pMq, pNq P pPBord´pn´1q,Bpc,rqn qk. What follows will be independent of the choice of c.
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Under the map ℓrpcq : PBord
´pn´1q,Bpc,rq
n Ñ ΩpPBord
1´pn´1q,Rr´1
n q from Proposition 7.4, pMq and pNq
are sent to
pM1q “ pM Ď R
r´1 ˆ p´pc` 1q, c` 1q ˆBpIq, p´pc` 1q,´cs ď rc, c` 1q, Iq,
pN1q “ pN Ď R
r´1 ˆ p´pc` 1q, c` 1q ˆBpIq, p´pc` 1q,´cs ď rc, c` 1q, Iq.
Now we can use the gluing procedure as in the proof of the Segal condition for PBordn in Proposition
5.19. In this case, the sources and targets of pM1q and pN1q are all empty, so the construction of the
glued element is as follows: we choose a path from pN1q to another element pN2q by moving the first
coordinate in the box such that the pair
`
pMq, pN2q
˘
lies in
pPBord1´pn´1qn q1,‚ ˆ
pPBord
1´pn´1q
n q0,‚
pPBord1´pn´1qn q1,‚,
i.e. such that
pN2q “ pN Ď R
r´1 ˆ pc, 3c` 2q ˆBpIq, pc, c` 1s ď r3c` 1, 3c` 2q, Iq.
Since d11ppM1qq “ d
1
0ppN1qq “ H we have that M and N2 are disjoint as submanifolds of R
r´1 ˆ p´pc`
1q, 3c` 2q ˆBpI˜q. So the glued element is
pM >N Ă Vd´1 ˆ p´pc` 1q, 3c` 2q ˆBpIq, p´pc` 1q,´cs ď rc, c` 1s ď r3c` 1, 3c` 2q, Iq .
The third face map d11 sends it to
pM >N Ă Vd´1 ˆ p´pc` 1q, 3c` 2q ˆBpIq, p´pc` 1q,´cs ď r3c` 1, 3c` 2q, Iq
which by ur : ΩpPBord
1´pn´1q,Rr
n q Ñ PBord
´pn´1q
n is sent to
pM >N Ă Rr ˆBpIq, Iq .
8.3.2. The homotopy category and nCob. Our higher categories of bordisms give back the ordinary
categories of n-bordisms, as we see in the main proposition in this section. First, let us briefly recall
the definition of the symmetric monoidal category of bordisms. A good reference for the details and
subtleties is e.g. [Koc04].
Definition 8.18. The symmetric monoidal category of n-dimensional bordisms nCob is defined as
follows:
‚ Objects are closed pn´ 1q-dimensional smooth manifolds.
‚ A morphism from M to N is a diffeomorphism class of n-dimensional cobordisms from M to N ,
where an n-dimensional bordism from M to N is a smooth manifold Σ with boundary, together
with a specified diffeomorphism BΣ –M >N .
‚ Composition of morphisms Σ1 : M0 Ñ M1 and Σ2 : M1 Ñ M2 is given by the diffeomorphism
class of the gluing Σ1 >M1 Σ2.
‚ The identity morphism on M is the diffeomorphism class of the cylinder M ˆ r0, 1s viewed as a
morphism from M to M .
‚ The symmetric monoidal structure is given by taking disjoint unions of objects and morphisms.
Remark 8.19. An n-dimensional bordism Σ from M to N is exactly an n-dimensional 1-bordism Σ as
in Definition 8.2 with BinΣ “M and BoutΣ “ N .
Proposition 8.20. There is an equivalence of symmetric monoidal categories between the homotopy
category of the p8, 1q-category Bordp8,1qn and the category of n-bordisms,
h1pBord
p8,1q
n q » nCob .
Proof. We first show that there is an equivalence of categories h1pBord
p8,1q
n q » nCob and then show that
it respects the symmetric monoidal structures.
Rezk’s completion functor is a Dwyer-Kan equivalence of Segal spaces, and thus by definition induces an
equivalence of the homotopy categories. So it is enough to show that
h1pPBord
´pn´1q
n q » nCob .
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We define a functor
F : h1pPBord
´pn´1q
n q ÝÑ nCob
and show that it is essentially surjective and fully faithful.
Definition of the functor. By definition, an object in h1pPBord
´pn´1q
n q is an element pMq “ pM Ă
V ˆ pa, bq, I “ pa, bqq P
`
PBord´pn´1qn
˘
0
. Since π : M Ñ pa, bq is submersive and proper, in particular
a`b
2
is a regular value of π and π´1pa`b
2
q is a closed pn´ 1q-dimensional manifold. We define
F ppMqq “ π´1p
a` b
2
q.
A morphism in h1pPBord
´pn´1q
n q is an element in π0ppPBord
´pn´1q
n q1q, represented by
pNq “
`
N Ă V ˆ pa0, b1q, I0 “ pa0, b1s ď I1 “ ra1, b1q
˘
P
`
PBord´pn´1qn
˘
1
.
We let F send pNq to the isomorphism class of
N¯ “ π´1
ˆ“2a0 ` b0
3
,
a1 ` 2b1
3
‰˙
.
This is an n-dimensional manifold with boundary
π´1p
2a0 ` b0
3
q > π´1p
a1 ` 2b1
3
q.
Since π only has regular values in I0 and I1, the Morse lemma gives diffeomorphisms
π´1p
2a0 ` b0
3
q – π´1p
a0 ` b0
2
q and π´1p
a1 ` 2b1
3
q – π´1p
a1 ` b1
2
q,
Thus F ppNqq is an n-dimensional bordism from the image of the source F pd0pNqq to the image of the
target F pd1pNqq.
We need to check that this assignment is well-defined, i.e. independent of the choice of the representative
of the isomorphism class. Any two representatives pN0q, pN1q are connected by a path in pPBord
´pn´1q
n q1.
From this path we can obtain another one which has “shorter” intervals, namely just by shrinking them
to pa0psq,
2a0psq`b0psq
3
s and ra1psq`2b1psq
3
, b1psqq. Now Theorem 8.15 gives a diffeomorphism ψ0,1 : N0 Ñ N1
which restricts to a diffeomorphism ψ¯0,1 : N¯0 Ñ N¯1.
Note that the Morse lemma implies that any image of the degeneracy map in pPBord´pn´1qn q1 is sent to
an identity morphism in nCob and that F behaves well with composition.
The functor is an equivalence of categories. Whitney’s embedding theorem shows that F is essen-
tially surjective. Moreover, it is injective on morphisms: Let ι0 : N0 ãÑ V ˆBpIq and ι1 : N1 ãÑWˆBpI˜q
be embeddings which are representatives of two 1-morphisms pN0 Ă V ˆBpIq, Iq and pN1 ĂWˆBpI˜q, I˜q
which have diffeomorphic images. Without loss of generality we can assume that V “ W and I “ I˜.
Then there is a diffeomorphism ψ : N¯0 Ñ N¯1, which can be extended to the rest of the collars, i.e. we
get a diffeomorphism ψ : N0 Ñ N1. Since EmbpN0,R
8 ˆ BpIqq is contractible, there is a path from ι0
to ι1 ˝ψ, which induces a 1-simplex pN Ă V ˆBpIq ˆ r0, 1s, BpIqq in pPBord
´pn´1q
n q1 such that the fiber
at s “ 0 is pN0 Ă V ˆBpIq, Iq and the fiber at 1 is
`
impι1 ˝ ψqpN0q “ N1 Ă V ˆBpIq, I
˘
.
It remains to show that F is full. In the case n “ 1, 2 this is easy to show, as we have a classification
theorem for 1- and 2-dimensional manifolds with boundary. In the 1-dimensional case it is enough to
show that an open line, the circle and the half-circle, once as a bordism from 2 points to the empty set
and once vice versa, lie in the image of the map, which is straightforward. In the 2-dimensional case,
the pair-of-pants decomposition tells us how to embed the manifold.
For general n we need to find a suitable embedding of our bordism. Theorem 8.9 provides one for much
more general k-bordisms, but as there is a much simpler argument for k “ 1, we provide it here.
We first embed the manifold with boundary into R` ˆ R2n using Laures’ embedding theorem 8.6 for
manifolds with boundary. Then the boundary of the half-space is BpR` ˆ R2nq “ R2n. We want to
transform this embedding into an embedding into p0, 1q ˆ R2n such that the incoming boundary is sent
into tǫu ˆ R2n and the outgoing boundary is sent into t1´ ǫu ˆ R2n.
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We first show that the boundary components can be separated by a hyperplane in R2n. The boundary
components are compact, so they can be embedded into (large enough) balls B2n. By perhaps first
applying a suitable “stretching” transformation, one can assume that these balls do not intersect. Now,
since 2n ą 1 we have that the configuration space of these balls π0pConfpB
2n,R2nqq – ˚ is contractible,
there is a transformation to a configuration in which the boundary components are separated by a
hyperplane, without loss of generality given by the equation tx1 “ 0u Ă R
2n.
Consider the restriction of the (holomorphic) logarithm function with branch cut ´iR` to pR` ˆ
Rqztp0, 0qu – Hz0 Ď C. It is a homeomorphism to tpx, yq P R2 : 0 ď y ď πu. We can apply logˆidR2n´1 to
pR`ˆRx1qˆR
2n´1 and, composing this with a suitable rescaling, obtain an embedding into pǫ, 1´ǫqˆR2n.
Now choose a collaring of the bordism to extend the embedding to p0, 1q ˆ R2n.
The functor is a symmetric monoidal equivalence. In the case of the structure coming from a
Γ-object, one can similarly to the previous paragraph define an equivalence of categories
F rms : h1 Bord
´pn´1q
n rms ÝÑ nCob
m .
Then one can easily check that the following diagram commutes.
h1 Bord
´pn´1q
n r1s ˆ h1Bord
´pn´1q
n r1s h1 Bord
´pn´1q
n r2s h1 Bord
´pn´1q
n r1s
nCobˆnCob nCobˆnCob nCob
FˆF F r2s
»
F
>
Thus we have a functor of Γ-objects in categories. Finally, there is an equivalence of categories between
Γ-objects in categories and symmetric monoidal categories, which is a direct consequence of MacLane’s
coherence theorem for symmetric monoidal categories [Mac63].
For the case of the structure coming from a tower, we explicitly saw that the symmetric monoidal
structure on h1pBord
p8,1q
n q sends two objects or 1-morphisms determined by
pMq “ pM Ď Vd ˆBpIq, Iq, pNq “ pN Ď Vd ˆBpIq, Iq
to
pM >Nq “ pM >N ãÑ V ˆBpIq, Iq ,
where the images of M and N lie in disjoint “heights” in the v1-direction in Vd. Thus, under the functor
F the element pM >Nq is sent to F ppMqq > F ppNqq.
Finally, in both cases, any element represented by pH, Iq is sent to H. 
9. Bordisms with additional structure: orientations and framings
In the study of fully extended topological field theories, one is particularly interested in manifolds with
extra structure, especially that of a framing. In this section we explain how to define the p8, nq-category
of structured n-bordisms, in particular for the structure of an orientation or a framing.
9.1. Structured manifolds. We first recall the definition of structured manifolds and the topology on
their morphism spaces making them into a topological category. In the next subsection we will see that
the smooth singular simplices on these topological spaces essentially will give rise to the spatial structure
of the levels of the n-fold Segal space of structured bordisms similarly to the construction in Section
5.2.
Throughout this subsection, let M be an n-dimensional smooth manifold.
Definition 9.1. Let X be a topological space and E Ñ X a topological n-dimensional vector bundle
which corresponds to a (homotopy class of) map(s) e : X Ñ BGLpRnq from X to the classifying space of
the topological group GLpRnq. More generally, we could also consider a map e : X Ñ BHomeopRnq to the
classifying space of the topological group of homeomorphisms of Rn, but for our purposes vector bundles
are enough. An pX,Eq-structure or, equivalently, an pX, eq-structure on an n-dimensional manifold M
consists of the following data:
(1) a map f :M Ñ X , and
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(2) an isomorphism of vector bundles
triv : TM – f˚pEq.
Denote the set of pX,Eq-structured n-dimensional manifolds by ManpX,Eqn .
An interesting class of such structures arises from topological groups with a morphism to Opnq.
Definition 9.2. Let G be a topological group together with a continuous homomorphism e : GÑ Opnq,
which induces e : BG Ñ BGLpRnq. As usual, let BG “ EG{G be the classifying space of G, where
EG is total space of its universal bundle, which is a weakly contractible space on which G acts freely.
Then consider the vector bundle E “ pRn ˆ EGq{G on BG. A pBG,Eq-structure or, equivalently, a
pBG, eq-structure on an n-dimensional manifoldM is called a G-structure on M . The set of G-structured
n-dimensional manifolds is denoted by ManGn .
For us, the most important examples will be the following three examples.
Example 9.3. If G is the trivial group, X “ BG “ ˚ and E is trivial. Then a G-structure on M is a
trivialization of TM , i.e. a framing.
Example 9.4. Let G “ Opnq and e “ idOpnq. Then, since the inclusion Opnq Ñ Diff pR
nq is a
deformation retract, an Opnq-structured manifold is just a smooth manifold.
Example 9.5. Let G “ SOpnq and e : SOpnq Ñ Opnq is the inclusion. Then an SOpnq-structured
manifold is an oriented manifold.
Definition 9.6. Let M and N be pX,Eq-structured manifolds. Then let the space of morphisms from
M to N be
MappX,EqpM,Nq “ EmbpM,Nq
h
ˆ
Map{BHomeopRnqpM,Nq
Map{XpM,Nq.
Taking (singular or differentiable) simplices leads to a space, i.e. a simplicial set of morphisms fromM to
N . Thus we get a topological (or simplicial) categoryMan pX,Eqn of pX,Eq-structured manifolds. Disjoint
union givesMan pX,Eqn a symmetric monoidal structure.
Remark 9.7. For G “ Opnq we recover EmbpM,Nq, and for G “ SOpnq, the space of orientations on
a manifold is discrete, so an element in MapSOpnqpM,Nq is an orientation preserving map.
If G is the trivial group we saw above that a G-structure is a framing. In this case, the above homotopy
fiber product reduces to
MappX,EqpM,Nq “ EmbpM,Nq
h
ˆ
MapGLpdqpFrpTMq,FrpTNqq
MappM,Nq.
Thus, a framed embedding is a pair pf, hq, where f : M Ñ N lies in EmbpM,Nq and h is a homotopy
between between the trivialization of TM induced by the framing ofM and that induced by the pullback
of the framing on N .
9.2. The p8, nq-category of structured bordisms. Fix a type of structure given by the pair pX,Eq.
In this subsection we define the n-fold (complete) Segal space of pX,Eq-structured bordisms BordpX,Eqn .
Compared to Definition 5.1 we add an pX,Eq-structure to the data of an element in a level set.
Definition 9.8. Let V be a finite-dimensional vector space. For every n-tuple k1, . . . , kn ě 0, let`
PBordpX,Eq,Vn
˘
k1,...,kn
be the collection of tuples pM, f, triv, pIi0 ď ¨ ¨ ¨ ď I
i
ki
qi“1,...,nq, where
(1) pM, pIi0 ď ¨ ¨ ¨ ď I
i
ki
qni“1q is an element in the set pPBord
V
n qk1,...,kn , and
(2) pf, trivq is an pX,Eq-structure on the (abstract) manifold M .
Remark 9.9. Note that there is a forgetful map
U :
`
PBordpX,Eq,Vn
˘
k1,...,kn
Ñ pPBordVn qk1,...,kn
forgetting the pX,Eq-structure.
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Definition 9.10. An l-simplex of
`
PBordpX,Eq,Vn
˘
k1,...,kn
consists of tuples pM, f, triv, Ipsq “ pIi0psq ď
¨ ¨ ¨ ď IikipsqqsP|∆l|e such that
(1) I “ pIi0 ď ¨ ¨ ¨ ď I
i
ki
q1ďiďn Ñ |∆
l|e is an l-simplex in Int
n
k1,...,kn
,
(2) M is a closed and bounded pn` lq-dimensional submanifold of V ˆBpIq such that22
(a) the composition π :M ãÑ V ˆBpIq։ BpIq of the inclusion with the projection is proper,
(b) its composition with the projection onto |∆l|e is a submersion πl :M Ñ |∆
l|e,
(c) pf, trivq : kerpDπl : TM Ñ T |∆
l|eq Ñ f
˚E is a fiberwise linear isomorphism.
(3) for every S Ď t1, . . . , nu, let pS :M
π
ÝÑ BpIq Ď Rn ˆ |∆l|e
πSÝÝÑ RS ˆ |∆l|e be the composition of
π with the projection πS onto the S-coordinates. Then for every 1 ď i ď n and 0 ď ji ď ki, at
every x P p´1tiupI
i
ji
psq ˆ tsuq, the map pti,...,nu is submersive.
Similarly as for PBordn the levels can be given a spatial structure with the above l-simplices and then
the collection of levels can be made into a complete n-fold Segal space BordpX,Eqn .
Moreover, BordpX,Eqn has a symmetric monoidal structure given by pX,Eq-structured versions of the
Γ-object and of the tower giving Bordn a symmetric monoidal structure.
9.3. Example: Objects in Bordfr2 are 2-dualizable. In dimension one, a framing is the same as an
orientation. Thus the first interesting case is the two-dimensional one. In this case, the existence of a
framing is a rather strong condition. However, we will see that any object in Bordfr2 is 2-dualizable.
Being 2-dualizable means that it is dualizable with evaluation and coevaluation maps themselves have
adjoints, see [Lur09c].
Consider an object in Bordfr2 , which, since in this case Bord
fr
2 “ PBord
fr
2 by remark 5.25, is an element
of the form `
M Ď V ˆ pa1, b1q ˆ pa2, b2q, F, pa1, b1q, pa2, b2q
˘
,
where F is a framing of M . By the submersivity condition 3 in the Definition 5.1 of PBord2, M is a
disjoint union of manifolds which are diffeomorphic to p0, 1q2. Thus, it suffices to consider an element of
the form `
p0, 1q2 Ď p0, 1q2, F, p0, 1q, p0, 1q
˘
,
where F is a framing of p0, 1q2. Depict this element by
1
2
One should think of this as a point together with a 2-framing,
1
2
We claim that its dual is the same underlying unstructured manifold together with the opposite fram-
ing
1
2
1
2
An evaluation 1-morphism ev
1
2
between them is given by the element in pBordfr2 q1,0 which is a strip,
i.e. p0, 1q2, with the framing given by slowly rotating the framing by 180˝, and is embedded into Rˆp0, 1q2
by folding it over once as depicted further down.
22Recall from Section 4.4 that BpIq denotes the total space of BpIq Ñ |∆l|e and is the subspace
Ť
sP|∆l|e
BpIpsqqˆ tsu
of Rn ˆ |∆l|e.
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12 1
2 1
2 1
2
1
2
1
2
1
2
A coevaluation coev
1
2
is given similarly by rotating the framing along the strip in the other direction,
by -180˝.
The composition
1
2
1
2
1
2
1
2
1
2
is connected by a path to the flat strip with the following framing given by pulling at the ends of the
strip to flatten it.
1
2 1
2 1
2 1
2
1
2
1
2
1
2 1
2
1
2
This strip is homotopic to the same strip with the trivial framing. Thus the composition is connected
by a path to the identity and thus is the identity in the homotopy category. Similarly,`
ev
1
2
b id
1
2
˘
˝
`
id
1
2
b coev
1
2
˘
» id
1
2
.
In the above construction, we used ev
1
2
and coev
1
2
which arose from strips with framing rotating
by ˘180˝. A similar argument holds if you use for the evaluation any strip with the framing rotating
by απ for any odd integer α and for the coevaluation rotation by βπ for any odd β. Denoting these by
evpαq and coevpβq, they will be adjoints to each other if α` β “ 2.
The counit of the adjunction is given by the cap with the framing coming from the trivial framing on
the (flat) disk.
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evcoev
1
2
1
21
2
1
2
1
2
1
2
1
2 1
2
1
2
1
2
1
2
1
2
Similarly, the unit of the adjunction is given by a saddle with the framing coming from the one of the
torus which turns by 2π along each of the fundamental loops.
Then the following 2-bordism is also framed and exhibits the adjunction.
=
Remark 9.11. One can use a similar, but much longer, argument to show that objects in Bordfrn are
in fact n-dualizable.
10. Fully extended topological field theories
Now that we have a good definition of a symmetric monoidal p8, nq-category of bordisms modelled as a
symmetric monoidal complete n-fold Segal space, we can define fully extended topological field theories
a` la Lurie.
10.1. Definition.
Definition 10.1. A fully extended unoriented n-dimensional topological field theory is a symmetric
monoidal functor of p8, nq-categories with source Bordn.
Remark 10.2. Consider a fully extended unoriented n-dimensional topological field theory
Z : Bordn ÝÑ C,
where C is a symmetric monoidal complete n-fold Segal space. We have seen in Corollary 7.7 and Section
8 that there is a map nCob » h1pBord
p8,1q
n q Ñ h1pΩ
n´1pBordnqq. Precomposition of Ω
n´1
H pZq with this
map induces a symmetric monoidal functor
nCobÑ h1pΩ
n´1pBordnqq ÝÑ h1pΩ
n´1
Zp˚qpCqq,
i.e. an ordinary n-dimensional topological field theory.
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Additional structure. Recall from the previous section that there are variants of Bordn which require
that the underlying manifolds of their elements are endowed with some additional structure, e.g. an
orientation or a framing. These variants lead to the following definitions.
Definition 10.3. Fix a type of structure given by the pair pX,Eq. A fully extended n-dimensional
pX,Eq-topological field theory is a symmetric monoidal functor of p8, nq-categories with source BordpX,Eqn .
In particular, the most interesting cases are the following:
Definition 10.4. A fully extended n-dimensional framed topological field theory is a symmetric monoidal
functor of p8, nq-categories with source Bordfrn .
Definition 10.5. A fully extended n-dimensional oriented topological field theory is a symmetric monoidal
functor of p8, nq-categories with source Bordorn .
10.2. n-TFT yields k-TFT. Every fully extended n-dimensional (unoriented, oriented, framed) TFT
yields a fully extended k-dimensional (unoriented, oriented, framed) TFT for any k ď n by truncation
from subsection 2.4.1.
Note that for k ă n, we have a map of k-fold Segal spaces
PBordk ÝÑ τkpPBordnq “ pPBordnq‚, . . . , ‚loomoon
k times
,0, . . . , 0loomoon
n´k times
induced by sending
`
M ãÑ V ˆBpIq, I “ pIi0 ď ¨ ¨ ¨ ď I
i
jk
qki“1
˘
P pPBordkqj1,...,jk to`
M ˆ p0, 1qn´k ãÑ V ˆ p0, 1qn´k ˆBpIq, I, p0, 1q, . . . , p0, 1qloooooooomoooooooon
n´k
˘
.
The completion map PBordn Ñ Bordn induces a map on the truncations. Precomposition with the
above map yields a map of (in general non-complete) n-fold Segal spaces
PBordk ÝÑ τkpPBordnq ÝÑ τkpBordnq.
Recall from 2.4.1 that since τkpBordnq is complete, by the universal property of the completion we
obtain a map Bordk Ñ τkpBordnq, which is compatible with the symmetric monoidal structure (for both
approaches).
Remark 10.6. Note that this map is usually not an equivalence, since completion does not commute
with truncation. Moreover, if we equip the bordisms with an orientation or a framing, the image of
PBordk in τkpPBordnq consists of those n-oriented or n-framed bordisms whose orientation or framing
is a stabilization of a k-orientation or k-framing.
We conclude that any fully extended n-dimensional (unoriented, oriented, framed) TFT with values in
a complete n-fold Segal space C, Bordn Ñ C leads to a k-dimensional (unoriented, n-oriented, n-framed)
TFT given by the composition
Bordk ÝÑ τkpBordnq ÝÑ τkpCq
with values in the complete k-fold Segal space τkpCq.
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